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Preface to the Third Edition

Another 15 years have gone by since the second edition of this text appeared. During this period,
the rate of development in algorithms has slowed compared to any earlier period, but the increase
in computational power has been astounding and shows no sign of slowing. Desktop computers can
outperform the supercomputers of the early 1990s. The rate of improvement of computing power is
such that a problem that required a year of computing time to solve 10 years ago can now be solved
overnight. The increase in computing power has enabled engineers to solve more complete equa-
tions and complex geometries for aerodynamic flows, i.e., use less physical modeling and fewer
approximations. It has also motivated efforts to compute more complex physical phenomena such
as turbulence and multiphase flows.

Another clear trend is the increasing use of commercial software for computational fluid dynamics
(CFD) applications. In the early days, CFD was mostly a do-it-yourself enterprise. It is more likely now
that a CFD code is thought of as representing a large investment, and companies do not launch into writ-
ing a new one without considerable thought. It is more likely that CFD engineers will become involved
in modifying or extending an existing code than in writing a new code from “scratch.” However, even
making modifications to CFD codes requires knowledge of algorithms, general numerical strategies,
and programming skills. The text promotes programming skills by explaining algorithm details and
including homework problems that require programming. Even those engineers that will utilize com-
mercial codes and be responsible for interpreting the results will be better prepared as a result of the
knowledge and insight gained from developing codes themselves. It is very important for engineers to
know the limitations of codes and to recognize when the results are not plausible. This will not change
in the future. The experience gained by writing and debugging codes will contribute toward the matu-
rity needed to wisely use and interpret results from CFD codes.

It is essential that courses evolve as technology advances and new knowledge comes forth.
However, not every new twist will have a permanent impact on the discipline. Fads die out, and
some numerical approaches will become obsolete as computing power relentlessly advances. The
authors have included a number of new developments in this edition while preserving the funda-
mental elements of the discipline covered in earlier editions. A number of ideas and algorithms that
are now less frequently utilized due to advances in computer hardware or numerical algorithms are
retained so that students and instructors can gain a historical perspective of the discipline. Such
material can be utilized at the discretion of the instructor. Thirty-four new homework problems have
been added bringing the total number of homework problems to 376.

We have retained the two-part, ten-chapter format of the text. Additions and clarifications have
been made in all chapters. Part I, consisting of Chapters 1 through 4, deals with the basic concepts
and fundamentals of the finite-difference and finite-volume methods. The historical perspective in
Chapter 1 has been expanded. The sections on the finite-volume method in Chapter 3 have been
revised and expanded. The conjugate gradient and generalized minimal residual (GMRES) meth-
ods are now discussed in the section on Laplace’s equation in Chapter 4. Part II, consisting of
Chapters 5 through 10, covers applications to the equations of fluid mechanics and heat transfer. The
governing equations are presented in Chapter 5. The equations for magnetohydrodynamic (MHD)
flows and the quasi-one-dimensional form of the Euler equations are now included. Turbulence
modeling has been updated. The coverage of large-eddy simulation (LES) has been expanded and
detached eddy simulation (DES) has been introduced. In Chapter 8, the material on the parabolized
Navier—Stokes (PNS) equations has been expanded to include methods for handling flow fields with
significant upstream influences, including large streamwise separated regions. A number of updates
and additions are found in Chapter 9. Coverage of Runge—Kutta schemes, residual smoothing, and
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the lower-upper symmetric Gauss—Seidel (LU-SGS) scheme have been expanded. Some recent vari-
ations in time-accurate implicit schemes are also included.

We continue to be grateful for the help received from many colleagues and past students while
this material was developed and revised. We especially thank Zhaohui Qin for his help with several
new figures and with updates to several appendices. Finally, we would like to thank our families for
their patience and encouragement during the preparation of this third edition.

This text continues to be a collective work by the three of us. There is no junior or senior author.
The order of the authors for the previous two editions was determined by coin flips. Anderson and
Tannehill were named first author on the previous two editions, and Pletcher is first author on the
current work.

Richard H. Pletcher
John C. Tannehill
Dale A. Anderson

MATLAB® s aregistered trademark of The MathWorks, Inc. For product information, please contact:

The MathWorks, Inc.

3 Apple Hill Drive

Natick, MA, 01760-2098 USA
Tel: 508-647-7000

Fax: 508-647-7001

E-mail: info@mathworks.com
Web: www.mathworks.com



Preface to the Second Edition

Almost 15 years have passed since the first edition of this book was written. During the intervening
years, the literature in computational fluid dynamics (CFD) has expanded manyfold. Due, in part, to
greatly enhanced computer power, the general understanding of the capabilities and limitations of
algorithms has increased. A number of new ideas and methods have appeared. We have attempted
to include new developments in this second edition while preserving those fundamental ideas cov-
ered in the first edition that remain important for mastery of the discipline. Ninety-five new home-
work problems have been added. The two-part, ten-chapter format of the book remains the same,
although a shift in emphasis is evident in some of the chapters. The book is still intended to serve
as an introductory text for advanced undergraduates and/or first-year graduate students. The major
emphasis of the text is on finite-difference/finite-volume methods.

Part I, consisting of Chapters 1 through 4, presents basic concepts and introduces the reader to the
fundamentals of finite-difference/finite-volume methods. Part II, consisting of Chapters 5 through
10, is devoted to applications involving the equations of fluid mechanics and heat transfer. Chapter
1 serves as an introduction and gives a historical perspective of the discipline. This chapter has been
brought up to date by reflecting the many changes that have occurred since the introduction of the
first edition. Chapter 2 presents a brief review of those aspects of partial differential equation theory
that have important implications for numerical solution schemes. This chapter has been revised
for improved clarity and completeness. Coverage of the basics of discretization methods begins in
Chapter 3. The second edition provides a more thorough introduction to the finite-volume method in
this chapter. Chapter 4 deals with the application of numerical methods to selected model equations.
Several additions have been made to this chapter. Treatment of methods for solving the wave equa-
tion now includes a discussion of Runge—Kutta schemes. The Keller box and modified box methods
for solving parabolic equations are now included in Chapter 4. The method of approximate factor-
ization is explained and demonstrated. The material on solution strategies for Laplace’s equation has
been revised and now contains an introduction to the multigrid method for both linear and nonlinear
equations. Coloring schemes that can take advantage of vectorization are introduced. The material
on discretization methods for the inviscid Burgers equation has been substantially revised in order
to reflect the many developments, particularly with regard to upwind methods, that have occurred
since the material for the first edition was drafted. Schemes due to Godunov, Roe, and Enquist and
Osher are introduced. Higher-order upwind and total variation diminishing (TVD) schemes are also
discussed in the revised Chapter 4.

The governing equations of fluid mechanics and heat transfer are presented in Chapter 5. The
coverage has been expanded in several ways. The equations necessary to treat chemically react-
ing flows are discussed. Introductory information on direct and large-eddy simulation of turbulent
flows is included. The filtered equations used in large-eddy simulation as well as the Reynolds-
averaged equations are presented. The material on turbulence modeling has been augmented and
now includes more details on one- and two-equation and Reynolds stress models as well as an
introduction to the subgrid-scale modeling required for large-eddy simulation. A section has been
added on the finite-volume formulation, a discretization procedure that proceeds from conservation
equations in integral form.

Chapter 6 on methods for the inviscid flow equations is probably the most extensively revised
chapter in the second edition. The revised chapter contains major new sections on flux split-
ting schemes, flux difference splitting schemes, the multidimensional case in generalized
coordinates, and boundary conditions for the Euler equations. The chapter includes a discussion
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on implementing the integral form of conservation statements for arbitrarily shaped control
volumes, particularly triangular cells, for two-dimensional applications.

Chapter 7 on methods for solving the boundary-layer equations includes new example applica-
tions of the inverse method, new material on the use of generalized coordinates, and a useful coor-
dinate transformation for internal flows. In Chapter 8, methods are presented for solving simplified
forms of the Navier—Stokes equations including the thin-layer Navier—Stokes (TLNS) equations, the
parabolized Navier—Stokes (PNS) equations, the reduced Navier—Stokes (RNS) equations, the par-
tially parabolized Navier—Stokes (PPNS) equations, the viscous shock layer (VSL) equations, and
the conical Navier—Stokes (CNS) equations. New material includes recent developments on pressure
relaxation, upwind methods, coupled methods for solving the partially parabolized equations for
subsonic flows, and applications.

Chapter 9 on methods for the “complete” Navier—Stokes equations has undergone substantial
revision. This is appropriate because much of the research and development in CFD since the first
edition appeared has been concentrated on solving these equations. Upwind methods that were
first introduced in the context of model and Euler equations are described as they extend to the full
Navier—Stokes equations. Methods to efficiently solve the compressible equations at very low Mach
numbers through low Mach number preconditioning are described. New developments in methods
based on derived variables, such as the dual potential method, are discussed. Modifications to the
method of artificial compressibility required to achieve time accuracy are developed. The use of
space-marching methods to solve the steady Navier—Stokes equations is described. Recent advances
in pressure-correction (segregated) schemes for solving the Navier—Stokes equations such as the
use of nonstaggered grids and the pressure-implicit with splitting of operators (PISO) method are
included in the revised chapter.

Grid generation, addressed in Chapter 10, is another area in which much activity has occurred
since the appearance of the first edition. The coverage has been broadened to include introductory
material on both structured and unstructured approaches. Coverage now includes algebraic and
differential equation methods for constructing structured grids and the point insertion and advanc-
ing front methods for obtaining unstructured grids composed of triangles. Concepts employed in
constructing hybrid grids composed of both quadrilateral cells (structured) and triangles, solution
adaptive grids, and domain decomposition schemes are discussed.

We are grateful for the help received from many colleagues, users of the first edition, and others
while this revision was being developed. We especially thank our colleagues Ganesh Rajagopalan,
Alric Rothmayer, and Ijaz Parpia. We also continue to be indebted to our students, both past and
present, for their contributions. We would like to acknowledge the skillful preparation of several
new figures by Lynn Ekblad. Finally, we would like to thank our families for their patience and
continued encouragement during the preparation of this second edition.

This text continues to be a collective work by the three of us. There is no junior or senior author.
A coin flip determined the order of authors for the first edition, and a new coin flip has determined
the order of authors for this edition.

John C. Tannehill
Dale A. Anderson
Richard H. Pletcher



Preface to the First Edition

This book is intended to serve as a text for introductory courses in computational fluid mechanics
and heat transfer (or, synonymously, computational fluid dynamics [CFD]) for advanced under-
graduates and/or first-year graduate students. The text has been developed from notes prepared for
a two-course sequence taught at lowa State University for more than a decade. No pretense is made
that every facet of the subject is covered, but it is hoped that this book will serve as an introduction
to this field for the novice. The major emphasis of the text is on finite-difference methods.

The book has been divided into two parts. Part I, consisting of Chapters 1 through 4, presents
basic concepts and introduces the reader to the fundamentals of finite-difference methods. Part
I1, consisting of Chapters 5 through 10, is devoted to applications involving the equations of fluid
mechanics and heat transfer. Chapter 1 serves as an introduction, while a brief review of partial
differential equations is given in Chapter 2. Finite-difference methods and the notions of stability,
accuracy, and convergence are discussed in Chapter 3.

Chapter 4 contains what is perhaps the most important information in the book. Numerous
finite-difference methods are applied to linear and nonlinear model partial differential equations.
This provides a basis for understanding the results produced when different numerical methods are
applied to the same problem with a known analytic solution.

Building on an assumed elementary background in fluid mechanics and heat transfer, Chapter 5
reviews the basic equations of these subjects, emphasizing forms most suitable for numerical for-
mulations of problems. A section on turbulence modeling is included in this chapter. Methods for
solving inviscid flows using both conservative and nonconservative forms are presented in Chapter
6. Techniques for solving the boundary-layer equations for both laminar and turbulent flows are
discussed in Chapter 7. Chapter 8 deals with equations of a class known as the “parabolized”
Navier—Stokes equations, which are useful for flows not adequately modeled by the boundary-layer
equations, but not requiring the use of the full Navier—Stokes equations. Parabolized schemes for
both subsonic and supersonic flows over external surfaces and in confined regions are included in
this chapter. Chapter 9 is devoted to methods for the complete Navier—Stokes equations, including
the Reynolds-averaged form. A brief introduction to methods for grid generation is presented in
Chapter 10 to complete the text.

At JIowa State University, this material is taught to classes consisting primarily of aerospace and
mechanical engineers, although the classes often include students from other branches of engineer-
ing and earth sciences. It is our experience that Part I (Chapters 1 through 4) can be adequately
covered in a one-semester, three-credit-hour course. Part II contains more information than can
be covered in great detail in most one-semester, three-credit-hour courses. This permits Part II
to be used for courses with different objectives. Although we have found that the major thrust of
each of Chapters 5 through 10 can be covered in one semester, it would also be possible to use only
parts of this material for more specialized courses. Obvious modules would be Chapters 5, 6, and
10 for a course emphasizing inviscid flows or Chapters 5 and 7 through 9 (and perhaps 10) for a
course emphasizing viscous flows. Other combinations are clearly possible. If only one course can
be offered in the subject, choices also exist. Part I of the text can be covered in detail in the single
course, or, alternatively, only selected material from Chapters 1 through 4 could be covered as well
as some material on applications of particular interest from Part II. The material in the text is rea-
sonably broad and should be appropriate for courses having a variety of objectives.

For background, students should have at least one basic course in fluid dynamics, one course in
ordinary differential equations, and some familiarity with partial differential equations. Of course,
some programming experience is also assumed.
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The philosophy used throughout the CFD course sequence at Iowa State University and embod-
ied in this text is to encourage students to construct their own computer programs. For this reason,
“canned” programs for specific problems do not appear in the text. Use of such programs does not
enhance basic understanding necessary for algorithm development. At the end of each chapter,
numerous problems are listed that necessitate numerical implementation of the text material. It is
assumed that students have access to a high-speed digital computer.

We wish to acknowledge the contributions of all of our students, both past and present. We are
deeply indebted to F. Blottner, S. Chakravarthy, G. Christoph, J. Daywitt, T. Hoist, M. Hussaini,
J. Tevalts, D. Jespersen, O. Kwon, M. Malik, J. Rakich, M. Salas, V. Shankar, R. Warming, and
many others for helpful suggestions for improving the text. We would like to thank Pat Fox and
her associates for skillfully preparing the illustrations. A special thanks to Shirley Riney for typ-
ing and editing the manuscript. Her efforts were a constant source of encouragement. To our wives
and children, we owe a debt of gratitude for all of the hours stolen from them. Their forbearance is
greatly appreciated.

Finally, a few words about the order in which the authors’ names appear. This text is a collective
work by the three of us. There is no junior or senior author. The final order was determined by a coin
flip. Despite the emphasis of finite-difference methods in the text, we resorted to a “Monte Carlo”
method for this determination.

Dale A. Anderson
John C. Tannehill
Richard H. Pletcher
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’I Introduction

1.1 GENERAL REMARKS

The development of the high-speed digital computer during the twentieth century has had a great
impact on the way principles from the sciences of fluid mechanics and heat transfer are applied to
problems of design in modern engineering practice. Problems that would have taken years to work
out with the computational methods and computers available 50 years ago can now be solved at
very little cost in a few seconds of computer time. This does not mean that computer runs today
only last a few seconds. Instead, many computer tasks today take days of CPU time as the scope of
problems that can be tackled have increased immensely. We still need even more computer power
to accurately simulate the many flows that require evaluation for the design of modern vehicles,
engines, processing equipment, etc.

The ready availability of previously unimaginable computing power has stimulated many
changes. These were first noticeable in industry and research laboratories, where the need to solve
complex problems was the most urgent. More recently, changes brought about by the computer
have become evident in nearly every facet of our daily lives. In particular, we find that comput-
ers are widely used in the educational process at all levels. Many a child has learned to recognize
shapes and colors from mom and dad’s computer screen before they could walk. To take advantage
of the power of the computer, students must master certain fundamentals in each discipline that
are unique to the simulation process. It is hoped that the present textbook will contribute to the
organization and dissemination of some of this information in the fields of fluid mechanics and
heat transfer.

The steady advances in computer technology over the past half century have resulted in the
creation of a new methodology for attacking complex problems in fluid mechanics and heat trans-
fer. This new methodology has become known as computational fluid dynamics (CFD). In this
computational (or numerical) approach, the equations (usually in partial differential or integral
form) that govern a process of interest are solved numerically. Some of the ideas are very old.
First, there must be conservation principles and physical understanding. This goes back to pioneers
such as Archimedes (287-312 BC), Newton (1643—1727), Bernoulli (1700-1782), Euler (1707-1783),
Navier (1785-1836), and Stokes (1819-1903). Even work on numerical methods goes back at least
to the time of Newton. The English mathematician Brook Taylor developed the calculus of finite
differences in 1715. Work on the development and application of numerical methods, especially
finite-difference methods for solving ordinary and partial differential equations, intensified start-
ing approximately with the beginning of the twentieth century. The automatic digital computer was
invented by Atanasoff in the late 1930s (see Gardner, 1982; Mollenhoff, 1988) and was used from
nearly the beginning to solve problems in fluid dynamics. Still, these events alone did not revolu-
tionize engineering practice. The explosion in computational activity did not begin until a third
ingredient, general availability of high-speed digital computers, occurred in the 1960s.

Traditionally, both experimental and theoretical methods have been used to develop designs for
equipment and vehicles involving fluid flow and heat transfer. With the advent of the digital com-
puter, a third method, the numerical approach, has become available. Although experimentation
continues to be important, especially when the flows involved are very complex, the trend is clearly
toward greater reliance on computer-based predictions in design.

This trend can be largely explained by economics (Chapman, 1979). Over the years, computer
speed has increased much more rapidly than computer costs. The net effect has been a phenomenal
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FIGURE 1.1 Trend of relative computation cost for a given flow and algorithm. (Based on Chapman, D.R.,
AIAA J., 17, 1293, 1979; Kutler, P. et al., Status of computational fluid dynamics in the United States, AIAA
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computing at NAS (1987-1994): What have we learned? AIAA Paper 95-0219, Reno, NV, 1995.)

decrease in the cost of performing a given calculation. This is illustrated in Figure 1.1, where it is
seen that the cost of performing a given calculation was reduced by approximately a factor of 10
every 8 years up through 1995. (Compare this with the trend in the cost of peanut butter in the past
8 years.) This trend in the cost of computations was based on the use of the best serial or vector
computers available. It is true not every user will have easy access to the most recent computers,
but increased access to very capable computers is another trend that started with the introduction of
personal computers and workstations in the 1980s. The cost of performing a calculation on a desk-
top machine has probably dropped even more than a factor of 10 in an 8 year period, and the best
of these “personal” machines are now operating in the gigafiop (1,000,000,000 FLOPS) range. In
fact, a current desktop workstation running at 2.66 GHz will outperform a multimillion dollar Cray
C90 used in the early 1990s.

The trend of reduced cost over time continues in the same direction today with an even
steeper slope. However, the supercomputer architecture based primarily on vector processing
that was common up to about 1995 has been replaced by massively parallel computing systems
utilizing hundreds or thousands of processors. As a result, performance is not tied to the speed
of a single computer chip. In effect, computational effort is split among many processors oper-
ating more or less simultaneously. Every year since 1993, a listing of the 500 fastest computer
systems has been prepared and is currently made available at the website www.top500.org spon-
sored by Prometeus GmbH, Waibstadt-Daisbach, Germany. Performance is measured by the
LINPACK Benchmark (Dongarra et al., 2003), which requires the solution of a dense system of
linear equations. Figure 1.2 illustrates the trend of performance with time in terms of floating
point operations per second (FLOPS). In June 2011, the fastest system in the world was the K
computer built by Fujitsu of Japan. For reference, a gigaflop (GFlop) is 10° FLOPS, a teraflop
(TFlop) is 102 FLOPS, and a petaflop (PFlop) is 10> FLOPS. Notice that performance in terms
of FLOPS has been increasing by a factor of 10 approximately every 3.3 years. This means that
a computation that would require a full year to complete 10 years ago can now be run overnight.
Amazing progress! The increase in computing power since the 1950s is almost incomprehen-
sible. It is now possible to assign a homework problem in CFD, the solution of which would
have represented a major breakthrough or could have formed the basis of a PhD dissertation in
the 1950s or 1960s. On the other hand, the costs of performing experiments have been steadily
increasing over the same period of time.
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FIGURE 1.2 Progress of computer performance over time based on LINPACK benchmark. (Courtesy of
TOP500 organization, Dr. Hans Meuer, Professor Emeritus, University Mannheim, Germany.)

The suggestion here is not that computational methods will soon completely replace experimen-
tal testing as a means to gather information for design purposes. Rather, it is believed that computer
methods will be used even more extensively in the future. In most fluid flow and heat transfer design
situations, it will still be necessary to employ some experimental testing. However, computer studies
can be used to reduce the range of conditions over which testing is required.

The need for experiments will probably remain for quite some time in applications involving
turbulent flow, where it is presently not economically feasible to utilize computational models
that are free of empiricism for most practical configurations. This situation is destined to change
eventually, since the time-dependent three-dimensional Navier—Stokes equations can be solved
numerically to provide accurate details of turbulent flow. Thus, as computer hardware and algo-
rithms improve, the frontier will be pushed back continuously allowing flows of increasing
practical interest to be computed by direct numerical simulation. The prospects are also bright
for the increased use of large-eddy simulations, where modeling is required for only the small-
est scales.

In applications involving multiphase flows, boiling, or condensation, especially in complex
geometries, the experimental method remains the primary source of design information. Progress is
being made in computational models for these flows, but the work remains in a relatively primitive
state compared to the status of predictive methods for laminar single-phase flows over aerodynamic
bodies.

1.2 COMPARISON OF EXPERIMENTAL, THEORETICAL,
AND COMPUTATIONAL APPROACHES

As mentioned in the previous section, there are basically three approaches or methods that can be
used to solve a problem in fluid mechanics and heat transfer. These methods are

1. Experimental
2. Theoretical
3. Computational (CFD)
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The theoretical method is often referred to as an analytical approach, while the terms computational
and numerical are used interchangeably. In order to illustrate how these three methods would be
used to solve a fluid flow problem, let us consider the classical problem of determining the pressure
on the front surface of a circular cylinder in a uniform flow of air at a Mach number (M,,) of 4 and
a Reynolds number (based on the diameter of the cylinder) of 5 x 10°.

In the experimental approach, a circular cylinder model would first need to be designed and con-
structed. This model must have provisions for measuring the wall pressures, and it should be com-
patible with an existing wind tunnel facility. The wind tunnel facility must be capable of producing
the required free stream conditions in the test section. The problem of matching flow conditions in
a wind tunnel can often prove to be quite troublesome, particularly for tests involving scale models
of large aircraft and space vehicles. Once the model has been completed and a wind tunnel selected,
the actual testing can proceed. Since high-speed wind tunnels require large amounts of energy for
their operation, the wind tunnel test time must be kept to a minimum. The efficient use of wind
tunnel time has become increasingly important in recent years with the escalation of energy costs.
After the measurements have been completed, wind tunnel correction factors can be applied to the
raw data to produce the final results. The experimental approach has the capability of producing the
most realistic answers for many flow problems; however, the costs are becoming greater every day.

In the theoretical approach, simplifying assumptions are used in order to make the problem trac-
table. If possible, a closed-form solution is sought. For the present problem, a useful approximation
is to assume a Newtonian flow (see Hayes and Probstein, 1966) of a perfect gas. With the Newtonian
flow assumption, the shock layer (region between body and shock) is infinitesimally thin, and the
bow shock lies adjacent to the surface of the body, as seen in Figure 1.3a. Thus, the normal compo-
nent of the velocity vector becomes zero after passing through the shock wave, since it immediately
impinges on the body surface. The normal momentum equation across a shock wave (see Chapter 5)
can be written as

bt plu12 =p+ pzlé (1.1)

where
p is the pressure
p is the density
u is the normal component of velocity
the subscripts 1 and 2 refer to the conditions immediately upstream and downstream of the shock
wave, respectively

Bow shock

(@)

FIGURE 1.3 Theoretical approach. (a) Newtonian flow approximation. (b) Geometry at shock.
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For the present problem (see Figure 1.3b), Equation 1.1 becomes

. 0
P + pmvj Sln2 O = Pwail + Pwai I%ll (12)
or
Pwal = Do (1 + prf Sin2 0) (13)

For a perfect gas, the speed of sound in the free stream is

a, = |P= (1.4)

poo

where 7 is the ratio of specific heats. Using the definition of Mach number

M, = Ve (1.5)
(42
and the trigonometric identity
cosf =sino (1.6)
Equation 1.3 can be rewritten as
Puall = P (1 +YM: cos® 9) 1.7)

At the stagnation point, 6 = 0°, so that the wall pressure becomes
Psug = D= (1+ YMi) (1.8)
After inserting the stagnation pressure into Equation 1.7, the final form of the equation is
Puail = P+ (Pag = P=)C0S” 6 (1.9)

The accuracy of this theoretical approach can be greatly improved if, in place of Equation 1.8, the
stagnation pressure is computed from Rayleigh’s pitot formula (Shapiro, 1953):

/(y=1) 1/(y-1
+DM2 Y +1
<Y>] [v} (1.10)

Pstag = P [ 7 2'\{M020 —('Y _1)

which assumes an isentropic compression between the shock and body along the stagnation stream-
line. The use of Equation 1.9 in conjunction with Equation 1.10 is referred to as the modified
Newtonian theory. The wall pressures predicted by this theory are compared in Figure 1.4 to the
results obtained using the experimental approach (Beckwith and Gallagher, 1961). Note that
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FIGURE 1.4 Surface pressure on circular cylinder.

the agreement with the experimental results is quite good up to about +35°. The big advantage of
the theoretical approach is that “clean,” general information can be obtained, in many cases, from
a simple formula, as in the present example. This approach is quite useful in preliminary design
work, since reasonable answers can be obtained in a minimum amount of time.

In the computational approach, a limited number of assumptions are made, and a high-speed
digital computer is used to solve the resulting governing fluid dynamic equations. For the present
high Reynolds number problem, inviscid flow can be assumed, since we are only interested in
determining wall pressures on the forward portion of the cylinder. Hence, the Euler equations are
the appropriate governing fluid dynamic equations. In order to solve these equations, the region
between the bow shock and body must first be subdivided into a computational grid, as seen in
Figure 1.5. The partial derivatives appearing in the unsteady Euler equations can be replaced by
appropriate finite differences at each grid point. The resulting equations are then integrated
forward in time until a steady-state solution is obtained asymptotically after a sufficient number
of time steps. The details of this approach will be discussed in forthcoming chapters. The results

FIGURE 1.5 Computational grid.
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TABLE 1.1
Comparison of Approaches
Approach Advantages Disadvantages
Experimental 1. Capable of being most realistic 1. Equipment required
2. Scaling problems
3. Tunnel corrections
4. Measurement difficulties
5. Operating costs
Theoretical 1. Clean, general information, which is usually 1. Restricted to simple geometry and physics
in formula form 2. Usually restricted to linear problems
Computational 1. No restriction to linearity 1. Truncation errors
2. Complicated physics can be treated 2. Boundary condition problems
3. Time evolution of flow can be obtained 3. Computer costs

of this technique (Daywitt and Anderson, 1974) are shown in Figure 1.4. Note the excellent agree-
ment with experiment.

In comparing the methods, we note that a computer simulation is free of some of the constraints
imposed on the experimental method for obtaining information upon which to base a design. This
represents a major advantage of the computational method, which should be increasingly important
in the future. The idea of experimental testing is to evaluate the performance of a relatively inexpen-
sive small-scale version of the prototype device. In performing such tests, it is not always possible
to simulate the true operating conditions of the prototype. For example, it is very difficult to simu-
late the large Reynolds numbers of aircraft in flight, atmospheric reentry conditions, or the severe
operating conditions of some turbomachines in existing test facilities. This suggests that the com-
putational method, which has no such restrictions, has the potential of providing information not
available by other means. On the other hand, computational methods also have limitations; among
these are computer storage and speed. Other limitations arise owing to our inability to understand
and mathematically model certain complex phenomena. None of these limitations of the computa-
tional method are insurmountable in principle, and current trends show reason for optimism about
the role of the computational method in the future. As seen in Figures 1.1 and 1.2, the relative cost
of computing a given flow field has decreased by approximately five orders of magnitude during the
past 20 years, and this trend is expected to continue in the near future. As a consequence, wind tun-
nels have begun to play a secondary role to the computer for many aerodynamic problems, much in
the same manner as ballistic ranges perform secondary roles to computers in trajectory mechanics
(Chapman, 1975). There are, however, many flow problems involving complex physical processes
that still require experimental facilities for their solution.

Some of the advantages and disadvantages of the three approaches are summarized in Table 1.1.
It should be mentioned that it is sometimes difficult to distinguish between the different methods.
For example, when numerically computing turbulent flows, the eddy viscosity models that are fre-
quently used are obtained from experiments. Likewise, many theoretical techniques that employ
numerical calculations could be classified as computational approaches.

1.3 HISTORICAL PERSPECTIVE

As one might expect, the history of CFD is closely tied to the development of the digital computer.
Most problems were solved using methods that were either analytical or empirical in nature until the
end of World War II. Prior to this time, there were a few pioneers using numerical methods to solve
problems. Of course, the calculations were performed by hand, and a single solution represented



10 Computational Fluid Mechanics and Heat Transfer

a monumental amount of work. Since that time, the digital computer has been developed, and the
routine calculations required in obtaining a numerical solution are carried out with ease.

The actual beginning of CFD or the development of methods crucial to CFD is a matter of
conjecture. Most people attribute the first definitive work of importance to Richardson (1910), who
introduced point iterative schemes for numerically solving Laplace’s equation and the biharmonic
equation in an address to the Royal Society of London. He actually carried out calculations for the
stress distribution in a masonry dam. In addition, he clearly defined the difference between prob-
lems that must be solved by a relaxation scheme and those that we refer to as marching problems.

Richardson developed a relaxation technique for solving Laplace’s equation. His scheme used
data available from the previous iteration to update each value of the unknown. In 1918, Liebmann
presented an improved version of Richardson’s method. Liebmann’s method used values of the
dependent variable both at the new and old iteration level in each sweep through the computational
grid. This simple procedure of updating the dependent variable immediately reduced the conver-
gence times for solving Laplace’s equation. Both the Richardson method and Liebmann’s scheme
are usually used in elementary heat transfer courses to demonstrate how apparently simple changes
in a technique greatly improve efficiency.

Sometimes the beginning of modern numerical analysis is attributed to a famous paper by
Courant et al. (1928). The acronym CFL, frequently seen in the literature, stands for these three
authors. In this paper, uniqueness and existence questions were addressed for the numerical solu-
tions of partial differential equations. Testimony to the importance of this paper is evidenced in its
republication in 1967 in the IBM Journal of Research and Development. This paper is the original
source for the CFL stability requirement for the numerical solution of hyperbolic partial differential
equations.

A. Thom (1933) published the first numerical solution for flow past a cylinder. M. Kawaguti (1953)
obtained a similar solution for flow around a cylinder in 1953 by using a mechanical desk calculator,
working 20h per week for 18 months. Allen and Southwell (1955) published another solution for
viscous flow over a cylinder using the Southwell (1940) relaxation scheme. The Southwell relaxation
method was extensively used in solving both structural and fluid flow problems. The method was
tailored for hand calculations in that point residuals were computed, and these were scanned for the
largest value, which was then relaxed as the next step in the technique. This numerical technique for
hand calculations was generally taught to engineering students in the 1940s, 1950s, and even into
the 1960s until programmable computers became widely available.

During World War I and immediately following, a large amount of research was performed
on the use of numerical methods for solving problems in fluid dynamics. It was during this time
that Professor John von Neumann developed his method for evaluating the stability of numerical
methods for solving time-marching problems. It is interesting that Professor von Neumann did not
publish a comprehensive description of his methods. However, O’Brien et al. (1950) later presented
a detailed description of the von Neumann method. This paper is significant because it presents
a practical way of evaluating stability that can be understood and used reliably by scientists and
engineers. The von Newman method is the most widely used technique in CFD for determining
stability. Another of the important contributions appearing at about the same time was due to Lax
(1954). Lax developed a technique for computing fluid flows including shock waves that represent
discontinuities in the flow variables. No special treatment was required for computing the shocks.
This special feature developed by Lax was due to the use of the conservation-law form of the gov-
erning equations and is referred to as shock capturing.

At the same time, progress was being made on the development of methods for both elliptic
and parabolic problems. Frankel (1950) presented the first version of the successive overrelaxation
(SOR) scheme for solving Laplace’s equation. This provided a significant improvement in the con-
vergence rate. Peaceman and Rachford (1955) and Douglas and Rachford (1956) developed a new
family of implicit methods for parabolic and elliptic equations in which sweep directions were
alternated and the allowed step size was unrestricted. These methods are referred to as alternating
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direction implicit (ADI) schemes and were later extended to the equations of fluid mechanics by
Briley and McDonald (1974) and Beam and Warming (1976, 1978). This implementation provided
fast efficient solvers for the solution of the Euler and Navier—Stokes equations.

Research in CFD continued at a rapid pace during the 1960s. Early efforts at solving flows
with shock waves used either the Lax approach or an artificial viscosity scheme introduced by von
Neumann and Richtmyer (1950). Early work at Los Alamos included the development of schemes
like the particle-in-cell (PIC), marker-and-cell (MAC), vorticity—stream function, and arbitrary
Lagrangian—Eulerian (ALE) methods. The early work at the Los Alamos National Laboratory has
been documented by Johnson (1996).

Lax and Wendroff (1960) introduced a method for computing flows with shocks that was second-
order accurate and avoided the excessive smearing of the earlier approaches. The MacCormack
(1969) version of this technique became one of the most widely used numerical schemes. Gary
(1962) presented early work demonstrating techniques for fitting moving shocks, thus avoiding the
smearing associated with the previous shock-capturing schemes. Moretti and Abbett (1966) and
Moretti and Bleich (1968) applied shock-fitting procedures to multidimensional supersonic flow
over various configurations. Even today, we see either shock-capturing or shock-fitting methods
used to solve problems with shock waves.

Godunov (1959) proposed solving multidimensional compressible fluid dynamics problems by
using a solution to a Riemann problem for flux calculations at cell faces. This approach was not vig-
orously pursued until van Leer (1974, 1979) showed how higher-order schemes could be constructed
using the same idea. The intensive computational effort necessary with this approach led Roe (1980)
to suggest using an approximate solution to the Riemann problem (flux-difference splitting) in order to
improve the efficiency. This substantially reduced the work required to solve multidimensional
problems and represents the current trend of practical schemes employed on convection-dominated
flows. The concept of flux splitting was also introduced as a technique for treating convection-
dominated flows. Steger and Warming (1979) introduced splitting where fluxes were determined
using an upwind approach. Van Leer (1982) also proposed a new flux splitting technique to improve
on the existing methods. These original ideas are used in many of the modern production codes, and
improvements continue to be made on the basic concept.

In the 1970s, a group at Imperial College, London, developed a number of algorithms for low-
speed (essentially incompressible) flows including parabolic flows (Patankar and Spalding, 1972)
and the SIMPLE algorithm (Caretto et al., 1972), which inspired a number of related schemes for
solving the incompressible Navier—Stokes equations.

As part of the development of modern numerical methods for computing flows with rapid varia-
tions such as those occurring through shock waves, the concept of limiters was introduced. Boris
and Book (1973) first suggested this approach, and it has formed the basis for the nonlinear limiting
subsequently used in most codes. Harten (1983) introduced the idea of total variation diminish-
ing (TVD) schemes. This generalized the limiting concept and has led to substantial advances in
the way the nonlinear limiting of fluxes is implemented. Others that also made substantial con-
tributions to the development of robust methods for computing convection-dominated flows with
shocks include Enquist and Osher (1980, 1981), Osher (1984), Osher and Chakravarthy (1983), Yee
(1985a,b), and Yee and Harten (1985). While this is not an all-inclusive list, the contributions of
these and others have led to the addition of nonlinear dissipation with limiting as a major factor in
state-of-the-art schemes in use today.

Other contributions were made in algorithm development dealing with the efficiency of the
numerical techniques. Both multigrid and preconditioning techniques were introduced to improve
the convergence rate of iterative calculations. The multigrid approach was first applied to elliptic
equations by Fedorenko (1962, 1964) and was later extended to the equations of fluid mechan-
ics by Brandt (1972, 1977). At the same time, strides in applying reduced forms of the Euler and
Navier—Stokes equations were being made. Murman and Cole (1971) made a major contribution
in solving the transonic small-disturbance equation by applying type-dependent differencing to
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the subsonic and supersonic portions of the flow field. The thin-layer Navier—Stokes equations
have been extensively applied to many problems of interest, and the paper by Pulliam and Steger
(1978) is representative of these applications. Also, the parabolized Navier—Stokes (PNS) equations
were introduced by Rudman and Rubin (1968), and this approximate form of the Navier—Stokes
equations has been used to solve many supersonic viscous flow fields. The correct treatment of the
streamwise pressure gradient when solving the PNS equations was examined in detail by Vigneron
et al. (1978a), and a new method of limiting the streamwise pressure gradient in subsonic regions
was developed and is in prominent use today.

In addition to the changes in treating convection terms, the control-volume or finite-volume point
of view as opposed to the finite-difference approach has been applied to the construction of differ-
ence methods for the fluid dynamic equations. The finite-volume approach provides an easy way
to apply numerical techniques to unstructured grids, and many codes presently in use are based on
unstructured grids. With the development of methods that are robust for general problems, large-
scale simulations of complete vehicles are now a common occurrence. Among the many researchers
who have made significant contributions in this effort are Jameson and Baker (1983), Shang and
Scherr (1985), Jameson et al. (1986), Flores et al. (1987), Obayashi et al. (1987), Yu et al. (1987),
and Buning et al. (1988). Until recently, most of the serious design work in the aircraft industry
has been done with the aid of full potential/coupled boundary-layer and Euler/coupled boundary-
layer methods (Johnson et al., 2005). This includes the design of recent aircraft such as the Boeing
777. Recently, Navier—Stokes and thin-layer Navier—Stokes codes have been used, particularly for
regions of strong viscous interaction and for the analysis of high-speed and high-lift configurations.
“The rapid development of parallel computing hardware and software, as well as PC clusters with
large numbers of CPUs, have made the use of Navier—Stokes technology in practical airplane design
and analysis a reality” (Johnson et al., 2005).

The progress in CFD over the past 40 years has been enormous. For this reason, it is impossible,
with the short history given here, to give credit to all who have contributed. A number of review
and history papers that provide a more precise state of the art may be cited and include those by
Hall (1981), Krause (1985), Diewert and Green (1986), Jameson (1987), Kutler (1993), Rubin and
Tannehill (1992), MacCormack (1993), Johnson (1996), and Johnson et al. (2005). In addition, the
Focus 92 issues of Aerospace America are dedicated to a review of the state of the art. The appear-
ance of text materials for the study of CFD should also be mentioned in any brief history. The
development of any field is closely paralleled by the appearance of books dealing with the subject.
Early texts dealing with CFD include books by Roache (1972), Holt (1977), Chung (1978), Chow
(1979), Patankar (1980), Baker (1983), Peyret and Taylor (1983), and Anderson et al. (1984). More
recent books include those by Sod (1985), Thompson et al. (1985), Oran and Boris (1987), Hirsch
(1988), Fletcher (1988), Hoffmann (1989), Anderson (1995), Tannehill et al. (1997), Laney (1998),
Roache (1998), Ferziger and Peric (1999), Wesseling (2000), Lomax et al. (2001), and Date (2005).
The interested reader will also note that occasional writings appear in the popular literature that
discuss the application of digital simulation to engineering problems. These applications include
CFD but do not usually restrict the range of interest to this single discipline.
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2.1 INTRODUCTION

Many important physical processes in nature are governed by partial differential equations (PDEs).
For this reason, it is important to understand the physical behavior of the model represented by
the PDE. In addition, knowledge of the mathematical character, properties, and solution of the
governing equations is required. In this chapter, we will discuss the physical significance and
the mathematical behavior of the most common types of PDEs encountered in fluid mechanics
and heat transfer. Examples are included to illustrate important properties of the solutions of these
equations. In the last sections we extend our discussion to systems of PDEs and present a number
of model equations, many of which are used in Chapter 4 to demonstrate the application of various
discretization methods.

2.1.1  PARTIAL DIFrereNTIAL EQUATIONS

PDEs are distinguished by the fact that they contain derivatives with respect to more than one
independent variable. On the other hand, ordinary differential equations (ODEs) contain derivatives
with respect to just one independent variable. Some examples of PDEs include

o+, +yp=0 2.0
(G)’ + Oy + 0y, =0 (2.2)
Oy + Oy +xp, =0 (2.3)

In these equations, ¢ is the dependent variable and x and y are the independent variables. Differ-
entiation is denoted by using a subscript so that ¢, = d¢/dx and ¢,, = 0> ¢/dydx = 9/dy(¢,). The
order of a PDE is defined by the highest-order derivative in the equation. Equation 2.1 is referred
to as a first-order, linear PDE since the highest derivatives are first order and is linear because the
coefficients of the derivatives do not contain the dependent variable or its derivatives. Equation
2.2 is a second-order, nonlinear PDE since the highest derivative is second order and is nonlinear
because of the coefficients ¢,, and ¢. Equation 2.3 is also a second-order nonlinear PDE and is
often referred to as a second-order quasi-linear PDE since the equation is linear in the highest
partial derivative, 0,,.

Problems governed by PDE:s fall into one of the three physical categories:

1. Equilibrium problems
2. Eigenvalue problems
3. Marching (propagation) problems

13
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These are discussed in the next section. In addition, PDEs can be classified in a mathematical sense
and can be put into three categories:

1. Elliptic PDEs
2. Parabolic PDEs
3. Hyperbolic PDEs

These mathematical categories are discussed in Section 2.3.

2.2 PHYSICAL CLASSIFICATION

2.2.1  EQuILIBRIUM PROBLEMS

Equilibrium problems are problems in which a solution of a given PDE is desired in a closed domain
subject to a prescribed set of boundary conditions (see Figure 2.1). Equilibrium problems are bound-
ary value problems. Examples of such problems include steady-state temperature distributions,
incompressible inviscid flows, and equilibrium stress distributions in solids.

Sometimes equilibrium problems are referred to as jury problems. This is an apt name, since the
solution of the PDE at every point in the domain depends upon the prescribed boundary condition
at every point on B. In this sense, the boundary conditions are certainly the jury for the solution in
D. Mathematically, equilibrium problems are governed by elliptic PDEs.

Example 2.1

The steady-state temperature distribution in a conducting medium is governed by Laplace’s equa-
tion. A typical problem requiring the steady-state temperature distribution in a two-dimensional
(2-D) solid with the boundaries held at constant temperatures is defined by the equation

V2T=62—;+62—£=0 O=sx=1 O=sy=l (2.4)
ax )%
with boundary conditions
T(0,y)=0
T(1,y)=0
T(x,0)=T,
T(x,=0

The 2-D configuration is shown in Figure 2.2.

Partial differential equations
must be satisfied in D

— Boundary conditions
B must be satisfied on B

FIGURE 2.1 Domain for an equilibrium problem.
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Y
8

T=T,

FIGURE 2.2  Unit square with fixed boundary temperatures.

Solution

One of the standard techniques used to solve a linear PDE is separation of variables (Greenspan,
1961). This technique assumes that the unknown temperature can be written as the product of a
function of x and a function of y, that is,

T(x,y) = X(x)Y(y)

If a solution of this form can be found that satisfies both the PDE and the boundary conditions,
then it can be shown (Weinberger, 1965) that this is the one and only solution to the problem.
After this form of the temperature is substituted into Laplace’s equation, two ODEs are obtained.
The resulting equations and homogeneous boundary conditions are

X"+a’X =0 Y"—02Y =0
X(0)=0 (2.5)
XM =0 Y =0

The prime denotes differentiation, and the factor o? arises from the separation process and must
be determined as part of the solution to the problem. The solutions of the two differential equa-
tions given in Equation 2.5 may be written as

X(x) = Asin(nmx) Y(y) = Csinh[nn(y -]

with the boundary conditions entering the solution in the following way:

1.7T0,y)=0 — X(0)=0
Tx,’=0 — Y1=0
These two conditions determine the kinds of functions allowed in the expression for T(x, y).
The boundary condition T(0, y) = 0 is satisfied if the solution of the separated ODE satis-
fies X(0) = 0. Since the solution in general contains sine and cosine terms, this boundary
condition eliminates the cosine terms. A similar behavior is observed by satisfying T(x, 1) =0
through Y(1) = 0 for the separated equation.

2.71,y)=0-=X(1)=0
This condition identifies the eigenvalues, that is, the particular values of a that generate
eigenfunctions satisfying this required boundary condition. Since the solution of the first
separated equation, Equation 2.5, was

X(x) = Asin(ox)

a nontrivial solution for X(x) exists that satisfies X(1) = 0 only if & = nt, wheren =1, 2, ....
3. 7(x, 0) =T,

The prescribed temperature on the x axis determines the manner in which the eigenfunctions

are combined to yield the correct solution to the problem.
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The solution of the present problem is written as

T(x,y) = E A, sin(nmx) sinh [na(y - 1)] (2.6)

n=1

In this case, functions of the form sin(nmx) sinh[nmt(y — 1)] satisfy the PDE and three of the boundary
conditions. In general, an infinite series composed of products of trigonometric sines and cosines
and hyperbolic sines and cosines is required to satisfy the boundary conditions. For this problem,
the fourth boundary condition along the lower boundary of the domain is given as

T(x,0)=To

We use this to determine the coefficients A, of Equation 2.6. Thus, we find (see Problem 2.1)

A &[(.—1)" -1
nm sinh(nm)

The solution T(x, y) provides the steady temperature distribution in the solid. It is clear that the

solution at any point interior to the domain of interest depends upon the specified conditions at
all points on the boundary. This idea is fundamental to all equilibrium problems.

Example 2.2
The irrotational flow of an incompressible inviscid fluid is governed by Laplace’s equation.

Determine the velocity distribution around the 2-D cylinder shown in Figure 2.3 in an incom-
pressible inviscid fluid flow. The flow is governed by

Vi =0

where ¢ is defined as the velocity potential, that is, V& = V = velocity vector. The boundary condi-
tion on the surface of the cylinder is

V:-VF=0 (2.7)

where F(r, 8) = 0 is the equation of the surface of the cylinder. In addition, the velocity must
approach the free stream value as distance from the body becomes large, that is, as (x, y) — oo,

V¢ = V. (2.8)

LS

F(r,0)=r-r,(0)=0

r

0

L

> X

FIGURE 2.3 Two-dimensional flow around a cylinder.
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Solution

This problem is solved by combining two elementary solutions of Laplace’s equation that satisfy
the boundary conditions. This superposition of two elementary solutions is an acceptable way of
obtaining a third solution only because Laplace’s equation is linear. For a linear PDE, any linear
combination of solutions is also a solution (Churchill, 1941). In this case, the flow around a cyl-
inder can be simulated by adding the velocity potential for a uniform flow to that for a doublet
(Karamcheti, 1966). The resulting solution becomes

¢ =Vox+——=Vox+ (2.9

where the first term is the uniform oncoming flow, and the second term is a solution for a doublet
of strength 27K.

2.2.2  EIGENVALUE PROBLEMS

An eigenvalue problem can be considered as an extension of an equilibrium problem, the dif-
ference being that the solution exists only for some discrete value of a parameter A;, called the
eigenvalue. Typical examples of eigenvalue problems are the buckling and stability of structures,
resonance in electric circuits, and natural frequencies in vibrations. Since eigenvalue problems
occur infrequently in fluid mechanics and heat transfer, they are not discussed further in this
chapter.

2.2.3 MARCHING PROBLEMS

Marching or propagation problems are transient or transient-like problems where the solution of
a PDE is required on an open domain subject to a set of initial conditions and a set of bound-
ary conditions. Figure 2.4 illustrates the domain and marching direction for this case. Problems
in this category are initial value or initial boundary value problems. The solution must be com-
puted by marching outward from the initial data surface while satisfying the boundary conditions.
Mathematically, these problems are governed by either hyperbolic or parabolic PDEs.

Example 2.3

Determine the transient temperature distribution in a one-dimensional (1-D) solid (Figure 2.5) with
a thermal diffusivity o if the initial temperature in the solid is 0° and if at all subsequent times, the
temperature of the left side is held at 0° while the right side is held at T,

tory

Differential equation

must be satisfied in D "
Boundary conditions

must be satified on B

\
L Initial data surface

FIGURE 2.4 Domain for a marching problem.
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N\~ T=T,

FIGURE 2.5 One-dimensional solid.

Solution
The governing differential equation is the 1-D heat equation
aT T

o —OLW (2.10)

with boundary conditions
TO,H=0 T(OH=T,

and initial condition

T(x,00=0

Again, for this linear equation, separation of variables will lead to a solution. Because of the
nonhomogeneous boundary conditions in this problem, it is helpful to use the principle of super-
position to determine the solution as the sum of the solution to the steady problem that results
as the time becomes very large and a transient solution that dies out at large times. Thus, we let
T(x, ) = u(x) + v(x, t). Substituting this decomposition into the governing PDE, we find that because
u is independent of time,

d?u
dx?

=0 (2.11)

with boundary conditions

ul0=0 ul=T,

The solution for the steady problem is thus u(x) = Tyx. We find also that the transient solution
must satisfy

—=0— (2.12)

with associated boundary conditions

v(0,t) =v(1,t)=0
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and initial condition
v(x,0) = =Tox
The initial condition for v is required in order that the sum of u and v satisfy the initial conditions

of the problem. Separation of variables may be used to solve Equation 2.12, and the solution is
written in the form

v(x,t) = V(O)X(x)
If we denote the separation constant by —f?, it is necessary to solve the ODEs

Vi+ap?V=0 X"+pX=0

with the initial distribution on v as noted earlier. The general solution for V is readily obtained as
Vit) = e

A solution for X that satisfies the boundary conditions is of the form
X(x) = sinPx

where B must equal, nm(n = 1,2,...), so that the boundary conditions on X are met. The general
solution that satisfies the PDE for v and the boundary conditions is then of the form

—an’7’t

vix,t)=e sin(nmx)

The orthogonality properties of the trigonometric functions (Weinberger, 1965) are used to meet
the initial conditions as a Fourier sine series. This leads to the final solution for T, obtained by add-
ing the solutions for u and v together

T =Tox+ 2 210" oniwtat G () 2.13)

ni

Example 2.4
Find the displacement y(x, t) of a string of length / stretched between x = 0 and x =/ if it is displaced

initially into position y(x, 0) = sin nx// and released from rest. Assume no external forces act on
the string.

Solution

In this case, the motion of the string is governed by the wave equation
2 2
9y _ 29y (2.14)

where a is a positive constant. The boundary conditions are

y(0,0) = y(,t) =0 (2.15)
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and initial conditions

y(x,0) = sin %y(x,t) o= 0 (2.16)

The solution for this particular example is

y(x,t) = sin(n?) cos(an ;) (2.17)

Solutions for problems of this type usually require an infinite series to correctly approximate the
initial data. In this case, only one term of this series survives because the initial displacement
requirement is exactly satisfied by one term.

The physical phenomena governed by the heat equation and the wave equation are different,
but both are classified as marching problems. The behavior of the solutions to these equations and
methods used to obtain these solutions are also quite different. This will become clear as the math-
ematical character of these equations is studied.

Typical examples of marching problems include unsteady inviscid flow, steady supersonic invis-
cid flow, transient heat conduction, and boundary-layer flow.

2.3 MATHEMATICAL CLASSIFICATION

The classification of PDEs is based on the mathematical concept of characteristics that are lines (in
two dimensions) or surfaces (in three dimensions) along which certain properties remain constant
or certain derivatives may be discontinuous. Such characteristic lines or surfaces are related to
the directions in which “information” can be transmitted in physical problems governed by PDEs.
Equations (single or system) that admit wavelike solutions are known as hyperbolic. If the equations
admit solutions that correspond to damped waves, they are designated parabolic. If solutions are
not wavelike, the equation or system is designated as elliptic. Although first-order equations or a
system of first-order equations can be classified as indicated previously, it is instructive at this point
to develop classification concepts through consideration of the following general second-order PDE:

A + by + Py, +db, +ed, + [ = g(x,y) (2.182)

where a, b, c, d, e, and f are functions of (x, y), that is, we consider a linear equation. While this
restriction is not essential, this form is convenient to use. Frequently, consideration is given to quasi-
linear equations, which are defined as equations that are linear in the highest derivative. In terms of
Equation 2.18a, this means that a, b, and ¢ could be functions of x, y, ¢, ¢,, and ¢,. For our discussion,
however, we assume that Equation 2.18a is linear and the coefficients depend only upon x and y.

We will indicate how equations having the general form of Equation 2.18a can be classified as
hyperbolic, parabolic, or elliptic and how a standard or canonical form can be identified for each
class by making use of the characteristic curves associated with the PDE. This will be discussed for
equations with two independent variables, but the concepts can be extended to equations involving
more independent variables, such as would be encountered in three-dimensional (3-D) unsteady
physical problems.

The classification of a second-order PDE depends only on the second-derivative terms of the
equation, so we may rearrange Equation 2.18a as

ad, + b, +cd,, = —(dd, +ep, + fo-g)=H (2.18b)
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The characteristics of this equation, if they exist and are real curves within the solution domain,
represent the locus of points along which the second derivatives may not be continuous. Along
such curves, discontinuities in the solution, such as shock waves in supersonic flow, may appear. To
identify such curves, we proceed as follows. For the general second-order PDE under consideration,
the initial and boundary conditions are specified in terms of the function ¢ and first derivatives of ¢.
Assuming that ¢ and first derivatives of ¢ are continuous, we inquire if there may be any locations
where this information would not uniquely determine the solution. In other words, are there loca-
tions where the second derivatives are discontinuous?

Let T be a parameter that varies along a curve C in the x—y plane. That is, on C, x = x(t) and
y = y(1). The curve C may be on the boundary. For convenience, on C, we define

¢, =p(t)  $n=uv)
¢, =q(®) ¢, =v(T)
¢yy = W(T)

We suppose that ¢, p, and g are given along C, as they might be given as boundary or initial condi-
tions. With these definitions, Equation 2.18b becomes

au(t)+bv(t)+cw(t) = H (2.18¢)

Using the chain rule, we observe that

d—p=uﬂ+vﬂ (2.18d)
dt dt dt
dq = ﬂ L (2.18¢)

v w
dt dt dt

Equations 2.18c through 2.18e can be considered a system of three equations from which the second
derivatives (u, v, and w) might be determined from the specified values of ¢ and the first derivatives
of ¢ along C. These can be written in matrix form ([A]x = ¢) as

a b c||u H
aa |
dt dt dt
dx dy dq
0o — —|iw —
dt  dt| | dt |

If the determinant of the coefficient matrix is zero, then there may be no unique solution for the
second derivatives u, v, w along C for the given values of ¢ and its first derivatives. By setting the
determinant of the coefficient matrix to zero, we find the condition for discontinuity (or nonunique-
ness) in the highest-order derivatives as

(2] 32

or

a(dy)* —bdxdy + c(dx)* =0 (2.19)
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Letting h = dy/dx, we can write Equation 2.19 as

a(h)*(dx)* = bh(dx) + c(dx)* = 0

which, after division by (dx)?, reduces to a quadratic equation in h:

ah* =bh+c=0 (2.20)

Solving for h = dy/dx gives

h—@— b+b* - dac

I " (2.21
The curves y(x) that satisfy Equation 2.21 are called the characteristics of the PDE. Along these
curves, the second derivatives are not uniquely determined by specified values of ¢ and first
derivatives of ¢, and discontinuities in the highest-order derivatives may exist. Note that when
the coefficients a, b, and ¢ are constants, the solution has a particularly simple form. In passing,
we note that other useful relationships, known as the compatibility relations, can be developed
from the system Equations 2.18c through 2.18e. These are discussed in Chapter 6. See also
Hirsch (1988).

We notice that the parameter (b> — 4ac) plays a major role in the nature of the characteris-
tic curves. If (b> — 4ac) is positive, two distinct families of real characteristic curves exist. If
(b* — 4ac) is zero, only a single family of characteristic curves exist. If (b — 4ac) is negative,
the right-hand side of Equation 2.21 is complex, and no real characteristics exist. As in the clas-
sification of general second-degree equations in analytic geometry, the PDE is classified as (1)
hyperbolic if (b? — 4ac) is positive, (2) parabolic if (b*> — 4ac) is zero, and (3) elliptic if (b? — 4ac)
is negative. Note that if a, b, and ¢ are not constants, the classification may change from point to
point in the problem domain.

Equations of each class can be reduced to a representative canonical or characteristic coordinate
form by a coordinate transformation that makes use of the characteristic curves. We state these forms
here and illustrate the transformations needed to obtain them in examples to follow.

Two characteristic coordinate forms exist for a hyperbolic PDE:

bee = Pry = M (de. 042 9.E,1) 2.22)
bzn = M (9g, 0y, 0,5, M) (2.23)
The canonical form for a parabolic PDE can be written as either
ez = /13(0z, s €M) (2.24)
or
Gun = ha(Pz, by, 6,5, 1) (2.25)

For elliptic PDEs, the canonical form is

q)EE + q)mq = hs(q)‘é’(')n’(b’g’ 71) (226)
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In the preceding equations, the coordinates & and 1 are functions of x and y. In a coordinate trans-
formation of the form (x, y) — (€, 1), a one-to-one relationship must exist between points specified
by (x, y) and (€, m). We are assured of a nonsingular mapping, provided that the Jacobian of the
transformation

G 227
J ax.y) &My - &M, (2.27)

is nonzero (Taylor, 1955). In order to apply this transformation to Equation 2.18a, each derivative is
replaced by repeated application of the chain rule. For example,

9 _g 9, 9
ax_Ex a§+nx an

o _ & £42>+ 2Em,

’o L, a0 &L
o e aEam i e +E (2.28)

e TN 7
S 1 an

Substitution into Equation 2.18a yields
A¢E§ + B¢En + C¢nn +oo= g(E,”ﬂ)

where

A =aE} +bEE, +CE]
B= 2a§xnx + b%xn_v + bgynx + ZCE)'YI_V

C =an; +bnm, +cnm;

An important result of applying this transformation is immediately clear. The discriminant of the
transformed equation becomes

B® —4AC = (b - 4ac)Em, &N, (2.29)
where
a ]
Exny _Eynx =J= (")E?C:!;

Therefore, any real nonsingular transformation does not change the type of PDE.

2.3.1 HyperoLic PDEs

From Equation 2.21, we observe that two distinct families of characteristics exist for a hyperbolic
equation. These can be found by first writing Equation 2.21 as

dy dy
2 2oy 2.30
o o h (2.30)
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where A represents the right-hand side of Equation 2.18 and a, b, and ¢ are assumed constant. Upon
solving the ODE:s for the characteristic curves, we obtain

y-hx=k y-hx=k (2.3
A hyperbolic PDE in (x, y) can be written in canonical form,
Gen = SEM 0,02, 0,) (2.32)
by using the characteristic curves as the transformed coordinates &(x, y) and n(x, y). That is, we let
E=y-Mx mn=y-hyx (2.33)
In order to obtain the alternative canonical form for a hyperbolic equation,

0% — 0 = f(EN.0.0z.05) 2.34)

we can introduce linear combinations of & and n:

= E+m _ E-7
Eh > T

An example utilizing the second-order wave equation is instructive.

Example 2.5

Solve the second-order wave equation

Uy = CUy (2.35)

on the interval

-0 <X <+

with initial data

Solution
The transformation to characteristic coordinates permits simple integration of the wave equation

Ugy =0

where
E=x+ct
n=x-ct
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We integrate to obtain the solution

u(x,t) = R(x +ct) + K(x = ct) (2.36)

This is called the D’Alembert (Wylie, 1951) solution of the wave equation. The particular forms for
F, and F, are determined from the initial data:

u(x,0) = f(x) = R(x) + K(x)
u(x,0) = g(x) = R’ (x) = k' (x)
This results in a solution of the form

X+ct

_fx+ct)+f(x-ct) 1
Ul t) = S f | gt dr (2.37)

A distinctive property of hyperbolic PDEs can be deduced from the solution of Equation 2.35 and the
geometry of the physical domain of interest. Figure 2.6 shows the characteristics that pass through
the point (x,, ;). The right running characteristic has a slope +(1/c), while the left running one has
slope —(1/c). The solution u(x, 7) at (x,, #,) depends only upon the initial data contained in the interval

Xg —Cly = X < Xy + Cl

The first term of the solution given by Equation 2.37 represents propagation of the initial data along
the characteristics, while the second term represents the effect of the data within the closed interval
atr=0.

A fundamental property of hyperbolic PDEs is the limited domain of dependence exhibited in
Example 2.5. This domain of dependence is bounded by the characteristics that pass through the
point (x,, #,). Clearly, the solution u(x,, #,) depends only upon information in the interval bounded by
these characteristics. This means that any disturbance that occurs outside of this interval can never
influence the solution at (x,, #,). This behavior is common to all hyperbolic equations and is nicely
demonstrated through the solution of the second-order wave equation. The basis for the term initial
value or marching problem is clear. Initial conditions are specified, and the solution is marched
outward in time or in a time-like direction.

The term pure initial value problem is frequently encountered in the study of hyperbolic PDEs.
Example 2.5 is a pure initial value problem, that is, there are no boundary conditions that must be
applied at x = constant. The solution at (x,, ¢,) depends only upon initial data.

In the classification of PDEs, many well-known names are associated with the specific
problem types. The most well-known problem in the hyperbolic class is the Cauchy problem.

t (xoy to)
A N

VRN

’ \
’ \
/|11 _ 1N
/ C C \
s 1 1\
7 \
/ \
VA AN > x
x—cty —> je—

I Xo + cty |

FIGURE 2.6 Characteristics for the wave equation.



26 Computational Fluid Mechanics and Heat Transfer

This problem requires that one obtain a solution u to a hyperbolic PDE with initial data specified
along a curve C. A very important theorem in mathematics assures us that a solution to the Cauchy
problem exists. This is the Cauchy—Kowalewsky theorem. This theorem asserts that if the initial
data are analytic (i.e., can be represented by an infinitely differentiable function) in the neighbor-
hood of (x,, ¥,) and the function u,, (applied to our second-order wave equation of Example 2.5) is
analytic there, a unique analytic solution for u exists in the neighborhood of (x,, y,).

Some discussion is warranted regarding the type of problem specification that is allowed for
hyperbolic equations. For our second-order wave equation, initial conditions are required on the
unknown function and its first derivatives along some curve C. It is important to observe that the
curve C must not coincide with a characteristic of the differential equation. If an attempt is made to
solve an initial value problem with characteristic initial data, a unique solution cannot be obtained
(see Example 2.6). As is discussed further in Section 2.4, the problem is said to be ill-posed.

Example 2.6

Solve the second-order wave equation in characteristic coordinates,
Ugy = 0

subject to initial data
u(O,m) = dMm)  ue(0,M) =p(n)

Solution

The characteristics of the governing PDE are defined by & = constant and m = constant. In this
case, the initial data are prescribed along a characteristic.

Suppose we attempt to write a Taylor-series expansion in & to obtain a solution for u in the
neighborhood of the initial data surface & = 0. Our solution must be in the form

2
u(E, ) = u(0, ) + Eus 0, n)+%ugg(0/ -

From the given initial data, u(0, ) and (0, n) are known. It remains to determine u(0, ).
The governing differential equation requires

Ug,(0,Mm) =0
However, we already have the condition that
UggO,M) =p'm) =0
Therefore,
P(n) = constant = ¢
We may also write

OUgy _ Ouge

%k
Integration of this equation yields

Uge = f &)
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In view of the given initial data, we conclude that
ug(0,m) = constant = ¢,

and

2

u,m) = ¢(m) +Ecy + %Cz

or
u(gm = o)+ g
We are unable to uniquely determine the function g(&) when the initial data are given along the

characteristic § = 0.

Proper specification of initial data or boundary conditions is very important in solving a PDE.
Hadamard (1952) provided insight in noting that a well-posed problem is one in which the solution
depends continuously upon the initial data. The concept of the well-posed problem is equally appro-
priate for elliptic and parabolic PDEs. An example for an elliptic problem is presented in Section 2.4.

2.3.2 Parasotiic PDEs

A study of the solution of a simple hyperbolic PDE provided insight on the behavior of the solution
of that type of equation. In a similar manner, we will now study the solution to parabolic equations.
Referring to Equation 2.18a, the parabolic case occurs when

b* -4ac=0

For this case, the characteristic differential equation is given by

dy b
C A, 2.38
dx 2a @38)
The canonical form for the parabolic case is
¢EE = g(¢E’¢n’¢’§s TI) (239)

If a and b are constant, this form may be obtained by identifying & and 1 as
N=y-hx E=y-Ayx

where A, is given by the right-hand side of Equation 2.38. In view of Equation 2.38, we obtain only
one characteristic. We must choose A, to ensure linear independence of & and 1. This requires that
the Jacobian be nonzero:

IEM FM,A) =0 (2.40)
a(x,y)

When A, is selected, satisfying this requirement, and the transformation to (§, 1) coordinates is
completed, the canonical form given by Equation 2.39 is obtained.
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FIGURE 2.7 Domain of dependence for a simple parabolic problem.

Parabolic PDEs are associated with diffusion processes. The solutions of parabolic equations
clearly show this behavior. While the PDEs controlling diffusion are marching problems, that is, we
solve them starting at some initial data plane and march forward in time or in a time-like direction,
they do not exhibit the limited zones of influence that hyperbolic equations have. In contrast, the
solution of a parabolic equation at time #, depends upon the entire physical domain (¢ < t,), includ-
ing any side boundary conditions. To illustrate further, Example 2.3 required that we solve the heat
equation for transient conduction in a 1-D solid. The initial temperature distribution was specified,
as were the temperatures at the boundaries. Figure 2.7 illustrates the domain of dependence for this
parabolic problem at #,.

This shows that the solution at ¢ = ¢, depends upon everything that occurred in the physical
domain at all earlier times. The solution given by Equation 2.13 also exhibits this behavior. Another
example illustrating the behavior of a solution of a parabolic equation is of value.

Example 2.7

The unsteady motion due to the impulsive acceleration of an infinite flat plate in a viscous incom-
pressible fluid is known as the Rayleigh problem and may be solved exactly. If the flow is 2-D,
only the velocity component parallel to the plate will be nonzero. Let y be the coordinate nor-
mal to the plate and x be the coordinate along the plate. The equation that governs the velocity
distribution is

9 9’
e b
Y

where v is the kinematic viscosity. The time derivative term is the local acceleration of the fluid,
while the right-hand side is the resisting force provided by the shear stress in the fluid (t = vpou/dy).
This equation is subject to the boundary conditions

u,y)=0
ut,0) =U t>0

u(t,o)=0

Solution

The solution of this problem provides the velocity distribution on a 2-D flat plate impulsively
accelerated to a velocity U from rest. An interesting method frequently used in solving para-
bolic equations is to seek a similarity solution (Hansen, 1964). In finding a similarity solution,
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we introduce a change in variables, which results in reducing the number of independent vari-
ables in the original PDE (Churchill, 1974). In this case, we attempt to reduce the PDE in (y, t) to an
ODE in a new independent variable m. For this problem, let

and

o*f df
"y 70
with boundary conditions
f(0)=1
f(0)=0
This ODE may be solved directly to yield the solution
u= U{] - in ( e“zdn] (2.42)
0
Using the definition of the error function
, "
erf(n) = ﬁfe‘"zdn (2.43)
0
the solution becomes
u = Ull-erf(n)]

This shows that the layer of fluid that is influenced by the moving plate increases in thickness with
time. In fact, the layer of fluid has thickness proportional to \/Wg.;This indicates that the growth of
this layer is controlled by the kinematic viscosity, v, and the velocity change in the layer is induced
by diffusion of the plate velocity into the initially undisturbed fluid. We see that this is a diffusion
process, as is 1-D transient heat conduction.

2.3.3  Eruptic PDEs

The third type of PDE is elliptic. As we previously noted, jury problems are governed by elliptic
PDEs. If Equation 2.18a is elliptic, the discriminant is negative, that is,

b* —4ac<0 2.44)

and the characteristic differential equation has no real solution. For this case, the solutions to
Equation 2.21 take the form (assuming a, b, and ¢ are constant)

—cx+icyx =k
yrarrier=h (2.45)

y—cx—icox =k,
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The transformation to the canonical form
¢§§ + q)vm = h((l)g’ ¢n7 ¢’ E’ Tl) (246)

can be achieved by selecting & and M to be the real and imaginary parts of the complex conjugate
functions in Equations 2.45. This gives

E=y-cx M=o 2.47)

The dependence of the solution upon the boundary conditions for elliptic PDEs has been previ-
ously discussed and demonstrated in Example 2.1. However, another example is presented here to
reinforce this basic idea.

Example 2.8
Given Laplace’s equation on the unit disk

Vu=0 0sr<l -nsBsm
subject to boundary conditions

a—“(w) =f0) -m<O=m
ar

what is the solution u(r, 0)?

Solution

This problem can be solved by assuming a solution of the form

o

u(r,0) = "LZO + 2 r"(a, cosn® + b, sinnb)

The correct expressions for a, and b, can be developed using standard techniques (Garabedian,
1964). For this example, the expressions for a, and b, depend upon the boundary conditions at
all points on the unit disk. This dependence on the boundary conditions should be expected
for all elliptic problems. The important point of this example is that a solution of this problem
exists only if

SP f(0)dl =0

over the boundary of the unit disk (Zachmanoglou and Thoe, 1976). This may be demonstrated
by applying Green’s theorem to the unit disk. In this problem, the boundary conditions are not
arbitrarily chosen but must satisfy the integral constraint shown earlier.

2.4 WELL-POSED PROBLEM

The previous section discussed the mathematical character of the different PDEs. The examples
illustrated the dependence of the solution of a particular problem upon the initial data and boundary
conditions. In our discussion of hyperbolic PDEs, it was noted that a unique solution to a hyperbolic
PDE cannot be obtained if the initial data are given on a characteristic. Similar examples showing
improper use of boundary conditions can be constructed for elliptic and parabolic equations.
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The difficulty encountered in solving our hyperbolic equation subject to characteristic initial
data had to do with the question of whether or not the problem was “well-posed.” In order for a
problem involving a PDE to be well-posed, the solution to the problem must exist, must be unique,
and must depend continuously upon the initial or boundary data. Example 2.6 led to a uniqueness
question. Hadamard (1952) has constructed a simple example that demonstrates the problem of
continuous dependence on boundary data.

Example 2.9

A solution of Laplace’s equation
Ug+Uy =0 -o<x<o y=0
is desired subject to the boundary conditions (y = 0)
u(x,0)=0

uy(x,0) = lsin(nx) n>0
n

Solution
Using separation of variables, we obtain

u = —sin(nx)sinh(ny)
n

If our problem is well-posed, we expect the solution to depend continuously upon the boundary
conditions. For the data given, we must have

u,(x,0) = %sin(nx)

We see that u, becomes small for large values of n. The solution behaves in a different fashion
for large n. As n becomes large, u approaches e"/n? and grows without bound even for small y.
However, u(x, 0) = 0 so that continuity with the initial data is lost. Thus, we have an ill-posed prob-
lem. This is evident from our earlier discussions. Since Laplace’s equation is elliptic, the solution
depends upon conditions on the entire boundary of the closed domain. The problem given in this
example requires the solution of an elliptic differential equation on an open domain. Boundary

conditions were given only on the y = 0 line.

Problems requiring the solution of Laplace’s equation subject to different types of boundary con-
ditions are identified with specific names. The first of these is the Dirichlet problem (Figure 2.8). In
this problem, a solution of Laplace’s equation is required on a closed domain subject to boundary
conditions that require the solution to take on prescribed values on the boundary. The Neumann
problem also requires the solution of Laplace’s equation in D. However, the normal derivative of u
is specified on B rather than the function u. If s is the are length along B, then

Viu=0 inD
Ju

— =g(s inB
n 8(s)
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V2u=0 inD
u=f(S) onB

FIGURE 2.8 Dirichlet problem.

The specification of the Dirichlet and Neumann problems leads one to speculate about the exis-
tence of a boundary value problem requiring specification of a combination of the function u and
its normal derivative on the boundary. This is called the mixed or third boundary value problem
(Zachmanoglou and Thoe, 1976) and is also referred to as Robin’s problem. Mathematically, this
problem may be written as

Vi=0

in D and

al(s)% +a,(s)u = h(s)
on

on B. The assignment of the names Dirichlet, Neumann, and Robin to the three boundary value
problems noted here is generally used to define types of boundary or initial data specified for any
PDE. For example, if the comment “Dirichlet boundary data” is used, it is understood that the
unknown, u is prescribed on the boundary in question. This is accepted regardless of the type of
differential equation.

2.5 SYSTEMS OF PARTIAL DIFFERENTIAL EQUATIONS

In applying numerical methods to physical problems, systems of PDEs are frequently encountered.
It is the exceptional case when a physical process is governed by a single equation. In those cases
where the process is governed by a higher-order PDE, the PDE can usually be converted to a system
of first-order equations. This can be most easily demonstrated by two simple examples.

The wave equation (Equation 2.35) can be written as a system of two first-order equations. Let

ou ou

v=— w=c—

ot ox

Then we may write
v _ ow
ot ox
(2.48)

w_ v
at dax

If we introduce u as one of the variables in place of either w or v, then u can be seen to satisfy the
second-order wave equation.
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Many physical processes are governed by Laplace’s equation (Equation 2.4). As in the previous
example, Laplace’s equation can be replaced by a system of first-order equations. In this case, let u
and v represent the unknown dependent variables. We require that

ou av
o _ 2
0x Jdy
(2.49)
au__ov
ay ax

These are the famous Cauchy—Riemann equations (Churchill, 1960). These equations are exten-
sively used in conformally mapping one region onto another.*

The equations most frequently encountered in CFD may be written as first-order systems. We
must be able to classify systems of first-order equations in order to correctly treat them. Consider
the linear system of equations

ou

Ju ou
+[A]—+[B]—+r=0 2.50
o [ ]ax [ ]ay (2.50)

We assume for simplicity that the coefficient matrices [A] and [B] are functions of 7, x, y, and we
restrict our attention to two space dimensions. The dependent variable u is a column vector of
unknowns, and r depends upon u, x, and y.

According to Zachmanoglou and Thoe (1976), there are two cases that can be definitely identi-
fied for first-order systems. The system given in Equation 2.50 is said to be hyperbolic at a point in
(x, 1) if the eigenvalues of [A] are all real and distinct. Richtmyer and Morton (1967) define a system
to be hyperbolic if the eigenvalues are all real and [A] can be written as [T][A][T]~', where [A] is a
diagonal matrix of eigenvalues of [A] and [T]! is the matrix of left eigenvectors. The same can be
said of the behavior of the system in (y, ) with respect to the eigenvalues of [B].

This point can be illustrated by writing the system of equations given in Equation 2.48 as

ou + [A]a—u =0
Jat ax
where
v
u=
w
[A] 0 —c
| =c 0

The eigenvalues A of the [A] matrix are found from

det [A]-M1] =0

Thus,
-\ -c
=0
-c -\
or
AM-ct=0

* It should be noted that some differences exist in solving Laplace’s equation and the Cauchy—Riemann equations. A solution
of the Cauchy—Riemann equations is a solution of Laplace’s equation, but the converse is not necessarily true.
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The roots of this characteristic equation are
}\'l =+C
)\.2 =—C

These are the characteristic differential equations for the wave equation, that is,

(a)
—| =+4c
dt},

(i)
—] =-c
dt},

The system of equations in this example is hyperbolic, and we see that the eigenvalues of the [A]
matrix represent the characteristic differential equations of the wave equation.

The second case that can be identified for the system given in Equation 2.50 is elliptic. Equation
2.50 is said to be elliptic at a point in (x, 7) if the eigenvalues of [A] are all complex. An example
illustrating this behavior is given by the Cauchy—Riemann equations.

Example 2.10

Classify the system given in Equation 2.49, which may be written as

w + [A]‘l’v =0
ax )%
where
i
W =
v
and
Al 0o -1
1o
Solution
The eigenvalues of [A] are
7\.1 =+
Ay =—i

Since both eigenvalues of [A] are complex, we identify the system as elliptic. Again, this is consis-
tent with the behavior we are familiar with in Laplace’s equation.

The first-order system represented by Equation 2.50 can exhibit hyperbolic behavior in (x, 7)
space and elliptic behavior in (y, 7) space, depending upon the eigenvalue structure of [A] and [B].
This is a result of evaluating the behavior of the PDE by examining the eigenvalues in (x, ) or (y, f)
independently.
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Note that a single first-order equation can be considered as a special case of the aforementioned
development. That is, we can let [A] and [B] in Equation 2.50 be real scalars a and b and the vector
u be a scalar variable «. The conclusion is that such a single first-order equation would be classified
as hyperbolic because there is only one root and it is real.

Since second-order PDEs can be represented as a system of first-order equations, one might won-
der if such systems can also be identified as hyperbolic, parabolic, or elliptic by using a procedure
that inquires about the continuity of the highest-order derivatives. This seems reasonable, since
discontinuities in second derivatives would show up as discontinuities in first derivatives in any
first-order system that was developed from a second-order equation.

Consider a system of two first-order equations in two independent variables of the form

a1%+b1?+cl%+d1%=ﬁ
X X y

2.51)
azaiuﬁ'bzﬂﬁ'Cz%*'sz—fz

ox ox ay dy

This system may be written as a matrix system of the form
(A1 11 = F
0x dy

where

and

a b 91 d
Al = Cl=
[A] [a2 bz] (€] [CZ dz]
As before, we consider curves C on which all but the highest-order derivatives are specified (in this
case, we consider # and v specified) and inquire about conditions that will indicate that the highest
derivatives are not uniquely determined. Again, we let a parameter T vary along curves C and use
the chain rule to write

du Ou dx %ﬂ

— =
dt dxdt dydre
dv _ovdx dvdy
dt dxdt Jdydt

(2.52)

Writing the four equations (2.51) and (2.52) in matrix form with the prescribed data on the right-
hand side gives

- - -a - r b
a b, o] d, o h
0x
d
a, b, C d, @ £
ox
dx d =
de o ody o Hou| T du
dt dt ay dt
d. d
o o, Wfov) |dv
dt dt || dy dt
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A unique solution for the first derivatives of u and v with respect to x and y does not exist if the
determinant of the coefficient matrix is zero. We can write this determinant in different ways.
However, a Laplace development of the determinant on the elements of the last row followed by
another development on the last rows of the third-order determinants allows the determinant to
be written as

(dy)zal bl_ﬂﬂ/al dl+cl b1\+(d)6)201 d,
d’ﬂ a) bz d’ﬂ dT k a) d2 Cy bz} dT Cy d2
Letting
A= b
a b,
I N
a dy| |cr b,
C d]
ICl=
C d,

and setting the determinant equal to zero gives the conditions under which first partial derivatives
are not uniquely determined on C:

2
IAI(Q) —IBIQ+ICI=O
dx dx

Notice that this expression has the same form as Equation 2.20 except that a, b, and ¢ have now
become determinants. The classification of the first-order system is also similar to that of the sec-
ond-order PDE. Letting

D=I1BP -41AlC|

we find that the system is hyperbolic if D > 0, parabolic if D = 0, and elliptic if D < 0.

Several questions now appear regarding behavior of systems of equations with coefficient matri-
ces where the roots of the characteristic equations contain both real and complex parts. In those
cases, the system is mixed and may exhibit hyperbolic, parabolic, and elliptic behavior. The physical
system under study usually provides information that is very useful in understanding the physical
behavior represented by the governing PDE. Experience gained in solving mixed problems provides
the best guidance in their correct treatment.

The classification of systems of second-order PDEs is very complex. It is difficult to determine
the mathematical behavior of these systems except for simple cases. For example, the system of
equations given by

ut = [A]uxx
is parabolic if all the eigenvalues of [A] are real. The same uncertainties present in classifying

mixed systems of first-order equations are also encountered in the classification of second-order
systems.
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2.6 OTHER PDEs OF INTEREST

Our discussion in this chapter has centered on the second-order equations given by the wave equa-
tion, the heat equation, and Laplace’s equation. In addition, systems of first-order equations were
examined. A number of other very important equations should be mentioned since they govern
common physical phenomena or they are used as simple models for more complex problems. In
many cases, exact analytical solutions for these equations exist.

1. The first-order, linear wave equation

d d
Mo (2.53)
ot 0x
governs propagation of a wave moving to the right at a constant speed c. This is called the
advection equation in meteorology.
2. The inviscid Burgers’ equation

ou ou
+U— =

— 0 2.54
ot x ( )

is also called the nonlinear first-order wave equation. This equation governs propagation of
nonlinear waves for the simple 1-D case.
3. Burgers’ equation

—tU—=v— (2.55)

is the nonlinear wave equation (Equation 2.54) with diffusion added. This particular form
is very similar to the equations governing fluid flow and can be used as a simple nonlinear
model for numerical experiments.

4. The Tricomi equation

Pu  9u
—+—5=0 2.56
Y ox® a9y’ ¢ )
governs problems of the mixed type such as inviscid transonic flows. The properties of the
Tricomi equation include a change from elliptic to hyperbolic character, depending upon
the sign of y.
5. Poisson’s equation

u  0'u

+— = f(x, (2.57)
oy Jf(xy)
governs the temperature distribution in a solid with heat sources described by the function
f(x,y). Poisson’s equation also determines the electric field in a region containing a charge
density f(x, y).
6. The advection-diffusion equation

2
B0 e
X X

represents the advection of a quantity & in a region with velocity u. The quantity o, is a dif-
fusion or viscosity coefficient.
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7. The Korteweg—de Vries equation

3
%+u2—u+%—0 (2.59)
x o 0x

governs the motion of nonlinear dispersive waves.
8. The Helmholtz equation

2 2
% + % +Ku=0 (2.60)
X ay

governs the motion of time-dependent harmonic waves, where & is a frequency parameter.
Applications include the propagation of acoustic waves.
9. The biharmonic equation

Su du_ 2.61)

determines the stream function for a very low Reynolds number viscous (Stokes) flow and
is also a governing relation in the theory of elasticity.
10. The telegraph equation

—+a—+bu=c— (2.62)
X

governs the transmission of electrical impulses in a long wire with distributed capacitance,
inductance, and resistance. If b = 0, the equation is called the damped wave equation.
Applications include the motion of a string with a damping force proportional to the veloc-
ity and heat conduction with a finite thermal propagation speed.

Many of the equations cited here will be used to demonstrate the application of discretization meth-
ods in subsequent chapters. While the list of equations is not exhaustive, examples of the various
types of PDEs are included.

PROBLEMS

2.1 The solution of Laplace’s equation for Example 2.1 is given in Equation 2.6. Show that the
expression for the Fourier coefficients A, is correct as given in the example. Hint: Multiply
Equation 2.6 by sin(mmx) and integrate over the interval 0 < x < 1 to obtain your answer after
using the boundary condition 7(x, 0) = T,

2.2 Show that the velocity field represented by the potential function in Equation 2.9 satisfies the
surface boundary condition given in Equation 2.7.

2.3 Demonstrate that Equation 2.17 is the solution of the wave equation as required in Example 2.4.
Use the separation of variables technique.

2.4 Show that the type of PDE is unchanged when any nonsingular, real transformation is used.

2.5 Derive the canonical form for hyperbolic equations (Equation 2.32) by applying the transforma-
tions given by Equation 2.33 to Equation 2.18a.



Partial Differential Equations 39

2.6 Show that the canonical form for parabolic equations given in Equation 2.39 is correct.
2.7 Show that a solution to Example 2.8 exists only if

?meﬂ=0

on the unit circle.
2.8 Consider the equation

2 2
YUy —xuy, =0

a. Discuss the mathematical character of this equation for all real values of x and y.
b. Obtain the new coordinates & and 1 that will transform the given equation in the first quad-
rant to its canonical form.
2.9 a. Classify the equation

iy — 4ty + 2u,, +3u =0

b. Obtain the transformation variables required to transform the equation to its canonical
form.
c. Convert the equation into an equivalent system of first-order equations and write them as a
matrix system.
d. Apply the method for classification of a system of equations to the system determined in
Problem 2.9 part (c).
2.10 Classity the following system of equations:

a—u+8@=0
ot ox
ﬂ+2a—u=0
Jat 0x

2.11 The following system of equations is elliptic. Determine the possible range of values for a.

o _ v _y
0x ay
@+a% =0
ay 0x

2.12 Determine the mathematical character of the equations given by

20U _ v _

§ 0

dx dy
v 9

W _u_
ox dy
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2.13 Classify the following PDEs:

Pu, v o

+ +
arr  ax® ox

’u  u  ou
—- + 22
dx°  dxdy dy

2.14 a. Classify the PDE given by
Uy + 4ty + 22Uy +u, =0
b. Classify the system of equations given by

u, +4u, +2v, =0

u,—v, =0
2.15 a. Convert the following second-order PDE into a system of first-order equations:
Prx + 50, +4¢,, +7¢, = sin(x)

b. Determine the mathematical character of the system of equations obtained in part (a).
Show all work!
2.16 Consider the PDE given by

un—2xuw+x2uyy—yu=8 forx>0,y>0

a. Determine the characteristics of the PDE.
b. Determine the transformation variables (€, ) required to transform the PDE to its canoni-
cal form. You do not need to perform the transformation.
c. Convert the PDE into an equivalent system of first-order equations. Write the system in
matrix notation.
2.17 a. Classify the PDE given by

Uy —ly +uy, =0

b. Determine the transformation variables that will permit the transformation of the equation
of part (a) into canonical form. It is not necessary to carry out the transformation.
c. Express the PDE of part (a) as an equivalent system of first-order equations.
2.18 Classify the behavior of the following system of PDEs in (¢, x) and (t, y) space:

ou dv Jdu
—t——=—=0
Jat  dx dy

v  du @_

+ 0
at  Ox dy
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2.19 a. Write the Fourier cosine series for the function

f(x)=sin(x) O<x<m

b. Write the Fourier cosine series for the function

f(x)=cos(x) O<x<m]

2.20 Find the characteristics of each of the following PDEs:

2 2 2
b. 8—2—2 ou +a—b2t=
0x dxdy dy

2.21 Transform the PDEs given in Problem 2.20 into canonical form.
2.22 Obtain the canonical form for the following elliptic PDEs:

u  ’u u
a ——+ +—=0
0x~  dxdy dy

2 2 2
b Um0, du
0x dxdy ay~ dy

2.23 Transform the following parabolic PDEs to canonical form:

2.24 Find the solution of the wave equation
2 2
a—’;‘ - a—l: =0 y=0
ax°  dy

with initial data

u(x,0)=1
u,(x,0)=0
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2.25 Solve Laplace’s equation,
Vu=0 Osx=sm Osysmn

subject to boundary conditions

u(x,0) =sinx+2sin2x

u(m,y) =0
u(x,m)=0
u(0,y)=0

2.26 Repeat Problem 2.25 with
u(x,0) = x> + 27 - x*

2.27 Determine the solution of the heat equation

2
ou_ a—bzl O=sx=<l
ot ox

with boundary conditions

u(t,0)=0
u(t,1)=0

and an initial distribution
u(0, x) = sin(27mx)
2.28 Repeat Problem 2.27 if the initial distribution is given by

u(0,x) =1-cos(4mx)



3 Basics of Discretization
Methods

3.1 INTRODUCTION

In this chapter, basic concepts and techniques needed in the formulation of finite-difference and
finite-volume representations are developed. The two formulations are closely related. Recall that
the most fundamental statement of conservation principles such as conservation of mass, energy,
or momentum applies to a fixed quantity of matter. From that starting point it is possible to develop
conservation statements applicable to both a fixed region in space and at a point (in the limit of a
vanishing volume). The conservation statement applicable to a point appears as a partial differential
equation (PDE) and the statement for a fixed region in space as an equation involving integrals. In
the finite-difference formulation, the continuous problem domain is “discretized,” so that the depen-
dent variables are considered to exist only at discrete points. The PDE form of the conservation
statement is converted to an algebraic equation by approximating derivatives as differences. In the
finite-volume methodology, the continuous problem domain is divided up into fixed regions called
control volumes. The dependent variables are considered to exist at a specified location within the
volumes or on the boundaries of the volumes. The integrals in the conservation statement for fixed
regions in space are approximated algebraically. Thus, in both methods, a problem involving calcu-
lus has been transformed into an algebraic problem.

The nature of the resulting algebraic system depends on the mathematical character of the orig-
inal problem. Equilibrium problems usually result in a system of algebraic equations that must
be solved simultaneously throughout the domain in conjunction with specified boundary values.
Marching problems result in algebraic equations that usually can be solved one at a time (although
it is often convenient to solve them several at a time). Several considerations determine whether the
solution so obtained will be a good approximation to the exact solution of the original problem.
Among these considerations are truncation error (T.E.), consistency, and stability, all of which will
be discussed in this chapter.

3.2 FINITE DIFFERENCES

One of the first steps to be taken in establishing a finite-difference procedure for solving a PDE is
to replace the continuous problem domain by a finite-difference mesh or grid. As an example, sup-
pose that we wish to solve a PDE for which u(x, y) is the dependent variable in the square domain
0<x<1,0<y<1 We establish a grid on the domain by replacing u(x, y) by u(iAx, jAy). Points
can be located according to values of i and j, so difference equations are usually written in terms of
the general point (i, j) and its neighbors. This labeling is illustrated in Figure 3.1. Thus, if we think
of u; ; as u(xy, yo), then

Ujy1,j = u(xo + Ax, y,) Uiy = u(xo — Ax, y,)

Ui = u(xp,yo + Ay) Ui j-1 = u(xo,yo — Ay)

43
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FIGURE 3.1 Typical finite-difference grid.

Often in the treatment of marching problems, the variation of the marching coordinate is indi-
cated by a superscript, such as u;’”, rather than a subscript. Many different finite-difference rep-
resentations are possible for any given PDE, and it is usually impossible to establish a “best” form
on an absolute basis. First, the accuracy of a difference scheme may depend on the exact form of
the equation and problem being solved, and second, our selection of a best scheme will be influ-
enced by the aspect of the procedure that we are trying to optimize, that is, accuracy, economy,
or programming simplicity.

The idea of a finite-difference representation for a derivative can be introduced by recalling the
definition of the derivative for the function u(x, y) at x = x,, y = y,:

du - lim u(xo + Ax, yo) — u(xo, Yo) G.1)
ox =0 Ax

Here, if u is continuous, it is expected that [u(x, + Ax, y,) — u(xy, yo)l/Ax will be a “reasonable”
approximation to du/dx for a “sufficiently” small but finite Ax. In fact, the mean-value theorem
assures us that the difference representation is exact for some point within the Ax interval. The
difference approximation can be put on a more formal basis through the use of either a Taylor-
series expansion or Taylor’s formula with a remainder. Developing a Taylor-series expansion for
u(x, + Ax, y,) about (x,, y,) gives

0%u\ (AX)
axJ 2!

du
u(xo+Ax,yo)=u(xO,yo)+f) Ax +
ax/,

an—lu\\ (A}C)n_l .\ anu\ (Ax)n
0(n—l)! 6x")E n!

X0 = & = (%9 + Ax) (3.2)

where the last term can be identified as the remainder. Thus, we can form the “forward” difference
by rearranging Equation 3.2:

al) _ u(xo + Ax, yo) — u(xo, yo) L\ Ax 3.3)
ox) Ax ax’ ] 2! '
0°70
Switching to the 7, j notation for brevity, we consider
+T.E. (34

0x

%) _ Uiy Ui
Y Ax
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where (u; ,,; — u; )/Ax is obviously the finite-difference representation for du/dx), ;. The difference
between the partial derivative and its finite-difference representation is the truncation error (T.E.).
We can characterize the limiting behavior of the T.E. by using the order of (O) notation, whereby
we write

u

) _ Ujv1,j — Ui j +O0(AY)
0x i Ax

where O(Ax) has a precise mathematical meaning. Here, when the T.E. is written as O(Ax), we mean
IT.E.l < KIAxI for Ax — 0 (sufficiently small Ax), and K is a positive real constant. As a practical
matter, the order of the T.E. in this case is found to be Ax raised to the largest power that is common
to all terms in the T.E.

To give a more general definition of the O notation, when we say f(x) = O[0(x)], we mean that
there exists a positive constant K, independent of x, such that |[f(x) < Klo()! for all x in S, where f
and ¢ are real or complex functions defined in S. We often restrict S by x — o (sufficiently large x)
or, as is most common in finite-difference applications, x — 0 (sufficiently small x). More details on
the O notation can be found in the work by Whittaker and Watson (1927).

Note that O(Ax) tells us nothing about the exact size of the T.E., but rather how it behaves as Ax
tends toward zero. If another difference expression had a T.E. = O[(Ax)?], we might expect or hope
that the T.E. of the second representation would be smaller than the first for a convenient Ax, but we
could only be sure that this would be true if we refined the mesh “sufficiently,” and “sufficiently” is
a quantity that is hard to estimate.

An infinite number of difference representations can be found for du/dx), ;. For example, we could
expand “backward”:

ou u\ (Ax)* 3w\ (Ax)
u(xg + Ax,yo) = u(xp,y0) ——| Ax+— - e 3.5
(xo Yo) = u(Xo, yo) ax)o aszO 5 ax3JO 6 (3.5)
and obtain the backward-difference representation:
au ui,i —u,-_Lj
T = oAy (3.6)
ox/,; Ax

We can subtract Equation 3.5 from Equation 3.2, rearrange, and obtain the “central” difference:

ou Ujr1j — Uiy j 2
ax)ij [ ol(Av]

We can also add Equations 3.2 and 3.5 and rearrange to obtain an approximation to the second
derivative:

&\ _ Ui — 2u; ; + Uiy 2
o) T @ OOV Y

ij

It should be emphasized that these are only a few examples of the possible ways in which first and
second derivatives can be approximated.
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It is convenient to utilize difference operators to represent finite differences when particular
forms are used repetitively. Here we define the first forward difference of u, ; with respect to x at the
point i, j as

Axui,j =Ujyvj — U (3.9

Thus, we can express the forward finite-difference approximation for the first partial derivative as

u

o A
) _ i TH L o(Ax) = 24 0(AY) (3.10)
ox i Ax Ax

Similarly, derivatives with respect to other variables such as y can be represented by

Ayui,j _ Ujje1 — U j
Ay Ay

The first backward difference of , ; with respect to x at i, j is denoted by

Vi j=u;j—uy (3.1)

(A
It follows that the first backward-difference approximation to the first derivative can be written as

du
ax

V., j

)I»,,- - %+O(M) - +O(Ax) (3.12)

The central-difference operators g, 3, and &2 will be defined as

5xui,j =Uipr,j —Uiey,j (3.13)
6xui,j = Ujy1/2,j —Ui—1/2,j (3.14)
6)2%‘,]' = 6x(6xui,j) = Uy =20+ Uiy (3.15)
and an averaging operator |l as
Wty = Uiv12,j T Ui—112,j (3.16)

2

Other convenient operators include the identity operator / and the shift operator E. The identity oper-
ator provides no operation, that is, fu;; = u, ;. The shift operator advances the index associated with
the subscripted variable by an amount indicated by the superscript. For example, E;'u; j = Uiy
When the superscript on E is +1, it is usually omitted. Difference representations can be indicated
by using combinations of E and 1, as, for example,

A= (E, =D j =ty j — i
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It is convenient to have specific operators for certain common central differences, although two of
them can be easily expressed in terms of first-difference operators:

qui,j = Axui,j +qul',j (3.17)

6,2(1/!,-,/- = Axui’j - qui,j = AXVXM,-J (3.18)

Using the newly defined operators, the central-difference representation for the first partial deriva-
tive can be written as

Qu) Uiy Uiy _ S >
ax)”- LU Ol(AXT = 2+ O] (3.19)

and the central-difference representation of the second derivative as

&\ _UH]/ 2M Uiy cht/
oxt) (Ar)? +0l(Ax)’] = (A +O[(Ax)*] (3.20)

Higher-order forward- and backward-difference operators are defined as

Al = A, (A;-lu,, j) (3.21)
and

Vi ; =V, (Vﬁ‘lui,j) (3.22)
As an example, a forward second-derivative approximation is given by

2
Axui,j _ Ax(ui+l,j - ui,j) _ Ui Uiy — Ui T U

(A (A (Ax)?

_ Ui — 2+ Uy

e +O(Ax) (3.23)

_L
o’

\__/

We can show that forward- and backward-difference approximations to derivatives of any order can
be obtained from

9"u\ Al

" J y (Ax)" + O(Ax) (3.24)
and

9"u\ Vi ;

o Ji (Ax)’ +O(Ax) (3.25)

Central-difference representations of derivatives greater than second order can be expressed in
terms of A and V or 8. A more complete treatise on the use of difference operators can be found in
many textbooks on numerical analysis such as that by Hildebrand (1956).
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Most of the PDEs arising in fluid mechanics and heat transfer involve only first and second par-

tial derivatives, and generally, we strive to represent these derivatives using values at only two or
three grid points. Within these restrictions, the most frequently used first-derivative approximations
on a grid for which Ax = h = constant are

aj) = Ui T8 o) (3.26)
ax/, h
%) _ M T o) (3.27)
ax/) h
ou ui+lj U 1,j 2
ou) M mUorj oop (3.28)
ax) ) - (H)
al) _ 73+ A ;= Ui +O(h?) (3.29)
ox i 2h
al) _ 31/{1',1' _414,',1,/' + u[—Z,j + 0(/’!2) (330)
0x i 2h
@q BRI (331)
ax) " 2n\1+8%6 )

The most common three-point second-derivative approximations for a uniform grid, Ax = h =

constant, are

2[,{\ M]—Zu'l]"l'u‘z/'

— = e () 3.32
) i ) (3:32)
u U j—2U g+ Uiy

— =— = ==L+ O(h 3.33
o) . k) (3.33)

LJ

azu\ Ui J 2” + Ui 1,j 2

— = +O(h 3.34
sz y h2 (h7) (3.34)

0’u i 4
ou i 4 O(h 3.35)
o), " (1s2n2) ") (

The compact, three-point schemes given by Equations 3.31 and 3.35 having fourth-order T.E.s
deserve a further word of explanation (see also Orszag and Israeli, 1974). Letting du/dx);; = v; ,
Equation 3.31 is to be interpreted as

or

6x”i, j

o (3.36)

1
6(vt+1/+4v + Vi lj)_

which provides an implicit formula for the derivative of interest, v, ;. The v;; can be determined from
the u;; by solving a tridiagonal system of simultaneous algebralc equatlons which can usually be
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accomplished quite efficiently. Tridiagonal systems commonly occur in connection with the use of
implicit difference schemes for second-order PDEs arising from marching problems and are defined
and discussed in some detail in Chapter 4. For now it is sufficient to think of a tridiagonal system
as the arrangement of unknowns that would occur if each difference equation in a system only
involved a single unknown variable evaluated at three adjacent grid locations. The interpretation
of Equation 3.35 proceeds in a similar manner, providing an implicit representation of 0?u/dx?), .
Some difference approximations for derivatives that involve more than three grid points are given in
Table 3.1. For completeness, a few common difference representations for mixed partial derivatives
are presented in Table 3.2. These will prove useful for schemes discussed in subsequent chapters.
The mixed-derivative approximations in Table 3.2 can be verified by using the Taylor-series expan-
sion for two variables:

u(xy + Ax, yo + Ay)

2
(. 8 3 1(, @ 3\
= u(xg, o) +| Ax—+ Ay — u(xo, yo) + —| Ax—+Ay—| u(xo,p)
x dy 2! ox ay
n
1{ d 9\
+oo+— | Ax—+ Ay—| u(xy+6Ax,y,+0Ay) 0=<0=<1 (3.37)
n! k ax ady )
TABLE 3.1
Difference Approximations Using More
than Three Points
Derivative Finite-Difference Representation Equation
ﬂ\ _ Uiy j — 2ui+],j + 2’41'-1,;' — Ui + O(hz) (3.38)
o), n '
34“\ Uppj — 4uy, it 6uij - 4ui-1j + Ui 2
il - d : : L+ O(h 3.39
P )U i +0(h7) (3.39)
a%u) —Uiys, + Alisa j = Sty j + 2 2
— = - - . : h 3.40
e )U 7 +0(h7) (3.40)
&;\ _ By + M, —24,:”2,, +18u;1, = Suy LOUh) (4
ox )w_ 2h
9%u 2 ;= Sy + 4y — U3 )
gur _ : : J M0 om 342
Py ),»,- e +0(h”) (3.42)
ﬁ; Voo Sy —18u+ 24u,._23, s 3y o ) 3.43)
ox Ji,j 2h
a“) —Uivgj + 8y =By + Uiy 4
- = . : : L+ O0(h 3.44
ax),, 12 (h") (3.44)
CRA Uiy + 160, ;= 30U, ; + 161, — Uiy

- e Yi2i y ot (3.45)
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TABLE 3.2
Difference Approximations for Mixed Partial Derivatives
Derivative Finite-Difference Representation Equation
*u \ _ L{ Uiyyj — Uiy j1 _ U j — U jy \ +0(Ax, Ay) (3.46)
o), " Al a )

au _ 1 (g~ _ Mo Uit \ +O(Ax, Ay) (3.47)
axayJ y Ax L Ay Ay J

%u ) _ L/ Wij = Uij1 Ui — Ui +O(Ax, Ay) (3.48)
) T G ny )

o%u _ L/ Uint jo = Uistj Ui jsl —u;;\ +0(Ax, Ay) (3.49)
axdy) iy Al &y )

%u _ L( Uirt ot = Uistjot Uije = Uijo) \ +0[Ax, (A (3.50)
axayJ iy Ax L 2Ay 2Ay J

0%u \ _ L( Uijor = Uijor _ Uic1jul Uiy ) +0[Ax,(Ay)] (3.51)
axayJ y Ax k 2Ay 2Ay J

2 —_— . . . . -_— .

%u _ 1 Wirjor = Wisnjor Ui Uigj1 ) + O[(Av).(Ay)] (3.52)
axay ) 5 el 2ay 28y )

2 . . —_— . . . . —_ . .

u _ U U jor = Wi, L 7 +O[(AxY, Ay] (3.53)
aay) Tl Ay )

’u \ _ 1 /um./ —Uiv1 o1 Uierj _uifl.jfl\ . 0[(Ax)2,Ay] (3.54)
0x8y)i'j 2Ax Ay Ay J

3.3 DIFFERENCE REPRESENTATION OF PARTIAL DIFFERENTIAL EQUATIONS

3.3.1 TRuNCATION ERROR

As a starting point in our study of T.E., let us consider the heat equation

2
?TL; - a% (3.55)

Using a forward-difference representation for the time derivative (t = nAt) and a central-difference
representation for the second derivative, we can approximate the heat equation by

T ﬁ(u;al ~2u +u)., ) (3.56a)

However, we noted in Section 3.2 that T.E.s were associated with the forward- and central-difference
representations used in Equation 3.56a. If we rearrange Equation 3.55 to put zero on the right-hand
side and include the T.E.s associated with the difference representation of the derivatives, we obtain
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2 n+1_ n
al—aLZ=u—L2(M;+l—2M}l+M;_l)
ot ax At (Ax)
—_—
PDE FDE
_ou) A ) (A (3.56b)
o), 2" Tadt) 1

T.E.

where PDE is the partial differential equation and FDE is the finite-difference equation. The T.E.s
associated with all derivatives in any one PDE should be obtained by expanding about the same
point (7, j in the previous discussion).

The difference representation given by Equation 3.56a will be referred to as the simple explicit
scheme for the heat equation. An explicit scheme is one for which only one unknown appears in
the difference equation in a manner that permits evaluation in terms of known quantities. Since the
parabolic heat equation governs a marching problem for which an initial distribution of u must be
specified, u at the time level n can be considered as known. If the second-derivative term in the heat
equation was approximated by u at the n + 1 time level, three unknowns would appear in the differ-
ence equation, and the procedure would be known as implicit, indicating that the algebraic formu-
lation would require the simultaneous solution of several equations involving the unknowns. The
differences between implicit and explicit schemes are discussed further in Chapter 4.

The quantity in brackets (note that only the leading terms have been written out utilizing Taylor-
series expansions) in Equation 3.56b is identified as the T.E. for this finite-difference representa-
tion of the heat equation and is defined as the difference between the PDE and the difference
approximation to it. That is, T.E. = PDE — FDE. The order of the T.E. in this case is O(Af) +
O[(Ax)?], which is frequently expressed in the form O[A¢, (Ax)?]. Naturally, we solve only the FDEs
and hope that the T.E. is small. If we do not feel a little uneasy at this point, perhaps we should.
How do we know that our difference representation is acceptable and that a marching solution
technique will work in the sense of giving us an approximate solution to the PDE? In order to be
acceptable, our difference representation for this marching problem needs to meet the conditions
of consistency and stability.

3.3.2 RouND-OFF AND DISCRETIZATION ERRORS

Any computed solution, including numerical values computed from an “exact” analytic solution
to a PDE, may be affected by rounding to a finite number of digits in the arithmetic operations.
These errors are called round-off errors, and we are especially aware of their existence in obtaining
machine solutions to FDEs because of the large number of dependent, repetitive operations that are
usually involved. In some types of calculations, the magnitude of the round-off error is proportional
to the number of grid points in the problem domain. In these cases, refining the grid may decrease
the T.E. but increase the round-off error.

Discretization error is the error in the solution to the PDE caused by replacing the continuous
problem by a discrete one and is defined as the difference between the exact solution of the PDE
(round-off free) and the exact solution of the FDEs (round-off free). In terms of the definitions
developed thus far, the difference between the exact solution of the PDE and the computer solution
to the FDEs would be equal to the sum of the discretization error and the round-off error associated
with the finite-difference calculation. We can also observe that the discretization error is the error
in the solution that is caused by the T.E. in the difference representation of the PDE plus any errors
introduced by the treatment of boundary conditions.
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3.3.3 CONSISTENCY

Consistency deals with the extent to which the FDEs approximate the PDEs. The difference between
the PDE and the finite-difference approximation has already been defined as the T.E. of the differ-
ence representation. A finite-difference representation of a PDE is said to be consistent if we can
show that the difference between the PDE and its difference representation vanishes as the mesh
is refined, that is, lim, .y, .o (PDE — FDE) = lim,, ., _.o (T.E.) = 0. This should always be the case if
the order of the T.E. vanishes under grid refinement. An example of a questionable scheme would
be one for which the T.E. was O(At/Ax), where the scheme would not formally be consistent unless
the mesh was refined in a manner such that A#/Ax — 0. The DuFort-Frankel (DuFort and Frankel,
1953) differencing of the heat equation,

!t —u a
J J n n+l n-1 n
- (uj+1-uj —u! +uj_1) 3.57)

with leading T.E. terms

a ou) u\ (AT 1%
) @) (G o “oar), M

serves as an example. All is well if

lim (ﬂ) =0
At Ax—0\ Ax

but if Af and Ax approach zero at the same rate, such that A#/Ax = B, then the DuFort-Frankel
scheme is consistent with the hyperbolic equation:

ou , 0u 0’u
—+apf S =0—
ot P ar* ax>

3.3.4 STABILITY

Numerical stability is a concept applicable in the strict sense only to marching problems. A stable
numerical scheme is one for which errors from any source (round-off, truncation, mistakes) are
not permitted to grow in the sequence of numerical procedures as the calculation proceeds from
one marching step to the next. Generally, concern over stability occupies much more of our time
and energy than does concern over consistency. Consistency is relatively easy to check, and most
schemes that are conceived will be consistent just owing to the methodology employed in their
development. Stability is much more subtle, and usually a bit of hard work is required in order to
establish analytically that a scheme is stable. More detail is presented in Section 3.7, and some very
workable methods will be developed for establishing the stability limits for linear PDEs. It will be
possible to extend these guidelines to nonlinear equations in an approximate sense.

Using these guidelines, the DuFort-Frankel scheme, Equation 3.57, for the heat equation would
be found to be unconditionally stable, whereas the simple explicit scheme would be stable only if
r = [0Af/(Ax)*] < 1/2. This restriction would limit the size of the marching step permitted for any
specific spatial mesh.



Basics of Discretization Methods 53
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FIGURE 3.2 Physical implausibility resulting from r = 1.

A scheme using a central-time difference and having a more favorable T.E. of O[(A?)?, (Ax)?],

n+l o on-1

j uj —a
2A¢ (Ax)?

u

(s - 20 +20,) (3.58)

is unconditionally unstable and therefore cannot be used for real calculations despite the fact that it
looks to be more accurate, in terms of T.E., than the ones given previously that will work.

Sometimes instability can be identified with a physical implausibility. That is, conditions that
would result in an unstable numerical procedure would also imply unacceptable modeling of physi-
cal processes. To illustrate this, we rearrange the simple explicit representation of the heat equation,
Equation 3.56a, so that the unknown appears on the left. Letting r = alA#/(Ax)?, our difference equa-
tion becomes

n+l _

™ = r () + )+ (120 (3.59)

Suppose that at time #, uj,; = uj_; = 100°C and u} = 0°C. This arrangement is shown in Figure 3.2.
If r > £, we see that the temperature at point j at time level n + 1 will exceed the temperature at the
two surrounding points at time level n. This seems unreasonable, since we expect heat to flow from
the warmer region to a colder region but not vice versa. The maximum temperature that we would
expect to find at point j at time level n + 1 is 100°C. If r = 1, for example, u;‘” would equal 200°C

by Equation 3.59.

3.3.5 CONVERGENCE FOR MARCHING PROBLEMS

Generally, we find that a consistent, stable scheme is convergent. Convergence here means that the
solution to the FDE approaches the true solution to the PDE having the same initial and boundary
conditions as the mesh is refined. A proof of this is available for initial value (marching) problems
governed by linear PDEs. The theorem, due to Lax (see Richtmyer and Morton, 1967), is stated here
without proof.

Lax’s equivalence theorem: Given a properly posed initial value problem and a finite-difference
approximation to it that satisfies the consistency condition, stability is the necessary and sufficient
condition for convergence.

We might add that most computational work proceeds as though this theorem applies also to non-
linear PDE:s, although the theorem has never been proven for this more general category of equations.

3.3.6 CoMMENT ON EQuiLiBRIUM PROBLEMS

Throughout our discussion of stability and convergence, the focus was on marching problems (para-
bolic and hyperbolic PDEs). Despite this emphasis on initial value problems, most of the material
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presented in this chapter also applies to equilibrium problems. The exception is the concept of sta-
bility. We should observe, however, that the important concept of consistency applies to difference
representations of PDEs of all classes.

The “convergence” of the solution of the difference equation to the exact solution of the PDE
might be aptly termed truncation or discretization convergence. The solution to equilibrium prob-
lems (elliptic equations) leads us to a system of simultaneous algebraic equations that needs to
be solved only once, rather than in a marching manner. Thus, the concept of stability developed
previously is not directly applicable as stated. To achieve “truncation convergence” for equilibrium
problems, it would seem that it is only necessary to devise a solution scheme in which the error in
solving the simultaneous algebraic equations can be controlled as the mesh size is refined without
limit. Many common schemes are iterative (Gauss—Seidel iteration is one example) in nature, and
for these we want to ensure that the iterative process converges. Here convergence means that the
iterative process is repeated until the magnitude of the difference between the function at the k£ + 1 and
the k iteration levels is as small as we wish for each grid point, that is, [u} 7' —u} ;| < €. This is known
as iteration convergence. It would appear that (no proof can be cited) truncation convergence will
be achieved for a consistent representation to an equilibrium problem if it can be shown that the
iterative method of solution converges even for arbitrarily small choices of mesh sizes.

It is possible to use direct (noniterative) methods to solve the algebraic equations associated with
equilibrium problems. For these methods, we would want to be sure that the errors inherent in the
method, especially round-off errors, do not get out of control as the mesh is refined and the number
of points tends toward infinity.

In closing this section, we should mention that there are aspects to the iterative solution of equi-
librium problems that resemble the marching process in initial value problems and a sense in which
stability concerns in the marching problems correspond to iterative convergence concerns in the
solution to equilibrium problems.

3.3.7 CoONSERVATION FORM AND CONSERVATIVE PROPERTY

Two different ideas will be discussed in this section. The first has to do with the PDEs themselves.
The terms ‘“‘conservation form,” “conservation-law form,” “conservative form,” and “divergence
form” are all equivalent, and PDEs possessing this form have the property that the coefficients of
the derivative terms are either constant or, if variable, their derivatives appear nowhere in the equa-
tion. Normally, for the PDEs that represent a physical conservation statement, this means that the
divergence of a physical quantity can be identified in the equation. If all spatial derivative terms of
an equation can be identified as divergence terms, the equation is said to be in “strong conservation-
law form.” As an example, the conservative form of the equation for mass conservation (continuity
equation) is

LEINT3

Ip , dpu v opw _, (3.60)
ot  ox ay 0z

which can be written in vector notation as

W v.pv=0
ot

A nonconservative or nondivergence form would be

P u®ip @iy oy P o™ g (3.61)
y
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As a second example, we consider the one-dimensional (1-D) heat conduction equation for a sub-
stance whose density p, specific heat ¢, and thermal conductivity k all vary with position. The con-
servative form of this equation is

ar d oT
c—=—|k— 3.62
b Jat ax( 6x) ( )

whereas a nonconservative form would be

oT . 9°T ok oT
pc—=k +

ot ax* ox ox (69
In Equation 3.62, the right-hand side can be identified as the negative of the divergence of the heat
flux vector specialized for 1-D conduction. A difference formulation based on a PDE in nondiver-
gence form may lead to numerical difficulties in situations where the coefficients may be discon-
tinuous, as in flows containing shock waves.

The second idea to be developed in this section deals with the conservative property of a finite-
difference representation. The PDEs of interest in this book all have their basis in physical laws,
such as the conservation of mass, momentum, and energy. Such a PDE represents a conservation
statement at a point. We strive to construct finite-difference representations that provide a good
approximation to the PDE in a small, local neighborhood involving a few grid points. The same
conservation principles that gave rise to the PDEs also apply to arbitrarily large regions (control
volumes). In fact, in deriving the PDEs, we usually start with the control-volume form of the con-
servation statement. If our finite-difference representation approximates the PDE closely in the
neighborhood of each grid point, then we have reason to expect that the related conservation state-
ment will be approximately enforced over a larger control volume containing a large number of
grid points in the interior. Those finite-difference schemes that maintain the discretized version of
the conservation statement exactly (except for round-off errors) for any mesh size over an arbitrary
finite region containing any number of grid points are said to have the conservative property. For
some problems, this property is crucial.

The key words in the definition earlier are “exactly” and “any mesh size.” All consistent schemes
should approximately enforce the appropriate conservation statement over large regions, but
schemes having the conservative property do so exactly (except for round-off errors) because of
exact cancellation of terms. To illustrate this concept, we will consider a problem requiring the solu-
tion of the continuity equation for steady flow. The PDE can be written as

V-pV =0

We will assume that the PDE is approximated by a suitable finite-difference representation and
solved throughout the flow. For an arbitrary control volume that could include the entire problem
domain or any fraction of it, conservation of mass for steady flow requires that the net mass efflux
be zero (mass flow rate in equals mass flow rate out). This is observed formally by applying the
divergence theorem to the governing PDE,

ff{V-deR=€EPpV-ndS

To see if the finite-difference representation for the PDE has the conservative property, we must
establish that the discretized version of the divergence theorem is satisfied. We normally check this
for a control volume consisting of the entire problem domain. To do this, the integral on the left is
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evaluated by summing the difference representation of the PDE at all grid points. If the difference
scheme has the conservative property, all terms will cancel except those that represent fluxes at the
boundaries. This is sometimes referred to as the “telescoping property.” It should be possible to
rearrange the remaining terms to obtain identically a finite-difference representation of the integral
on the right. For this example, the result will be a verification that the mass flux into the control
volume equals the mass flux out. If the difference scheme used for the PDE is not conservative, the
numerical solution may permit the existence of small mass sources or sinks.

Schemes having the conservative property occur in a natural way when differencing starts with
the divergence form of the PDE. For some equations and problems, the divergence form is not an
appropriate starting point. For these situations, use of a finite-volume method for representing the
conservation statement is helpful. This representation will usually have the conservative property if
care is taken to ensure that the expressions used to represent fluxes across the interface of two adja-
cent control volumes are the same in the conservation statement for each of the two control volumes.

The conservative property is not the only important figure of merit for a difference representa-
tion. PDEs represent more than a conservation statement at a point. As shown by solution forms in
Chapter 2, PDEs also contain information on characteristic directions and domains of dependence.
Proper representation of this information is also important. All consistent formulations, whether or
not they have the conservative property, can provide an adequate representation for most problems
if the grid is refined sufficiently.

3.4 FURTHER EXAMPLES OF METHODS FOR OBTAINING
FINITE-DIFFERENCE EQUATIONS

As we start with a given PDE and a finite-difference mesh, several procedures are available to us for
developing FDEs. Among these are

1. Taylor-series expansions
2. Polynomial fitting
3. Integral method (called the microintegral method by some)

It is sometimes possible to obtain exactly the same finite-difference representation by using all three
methods. In our introduction to the subject, we will lean most heavily on the use of Taylor-series
expansions, utilizing polynomial fitting on occasion in treating boundary conditions.

3.4.1 USsEe oF TAYLOR SERIES

We now demonstrate how one might proceed on a slightly more formal basis with Taylor-series
expansions to develop difference expressions satisfying specified constraints. Suppose we want to
develop a difference approximation for au/ax) having a T.E. of O[(Ax)?] using at most values u
iy and u;
With these constraints and objectives, it would appear logical to write Taylor-series expressions
for u;_, ;and u,_, ; expanding about the point (i, /) and attempt to solve for du/dx), ; from the resulting
equations in such a way as to obtain a T.E. of O[(Ax)*]:

i-2,j°

L g u\ QAv? o) (240
ui_z,j b u,-’j + ax) l’]( ZA)C) 2! + ax3J . 3! + (3.64)
2 A
ui_.,,=u,»,j+g—z) (-Ax)+§x’j) (Ax) g) ( ?f) oo (3.65)

ij ij
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It is often possible to determine the required form of the difference representation by inspection or
simple substitution. To proceed by substitution, we will rearrange Equation 3.64 to put du/dx),; on
the left-hand side, such that

2
%) M Mg O ofAr]
ax/,, 2Ax  2Ax  ox

As is, the representation is O(Ax) because of the term (9%u/dx?)Ax. We can substitute for d°u/dx? in the
previous equation using Equation 3.65 to obtain the desired result. A more formal procedure to obtain
the desired expression is sometimes useful. To proceed more formally, we first multiply Equation 3.64 by
a and Equation 3.65 by b and add the two equations. If —2a — b = 1, then the coefficient of du/dx); Ax will
be 1 after the addition, and if 2a + b/2 = 0, then the terms involving d?u/dx?), ;, which would contribute
a T.E. of O(Ax) to the final result, will be eliminated. A solution to the equations

2a-b=1 2a+§=0

is given by a = 1,b = 2. Thus, if we multiply Equation 3.64 by 3, Equation 3.65 by -2, add the

results, and solve for du/dx); ;, we obtain

+O[(Ax)’]

al) CUigj— 4y +3u;
ox i 2Ax

which can be recognized as Equation 3.30. A careful check on the details of this example will reveal
that it was really necessary to include terms involving d*u/dx?), ; in the Taylor-series expansions in
order to determine whether or not these terms would cancel in the algebraic operations and reduce
the T.E. even further to O[(Ax)?]. Fortuitous cancellation of terms occurs frequently enough to war-
rant close attention to this point.

We should observe that it is sometimes necessary to carry out the inverse of the previous process.
That is, suppose we had obtained the approximation represented by Equation 3.30 by some other
means and we wanted to investigate the consistency and T.E. of such an expression. For this, the use of
Taylor-series expansions would be invaluable, and the recommended procedure would be to substitute
the Taylor-series expressions from Equations 3.64 and 3.65 for u,_, ; and ,_, ; into the difference repre-
sentation to obtain an expression of the form du/0x);; + T.E. on the right-hand side. At this point, the
T.E. has been identified, and if lim,,_,, (T.E.) = 0, the difference representation is consistent.

As a slightly more complex example, we will develop a finite-difference approximation with T.E.
of O[(Ay)*] for du/dy at point (i, j) using at most u; ;, u; ;,,, 4; -, when the grid spacing is not uniform.
We will adopt the notation that Ay, =y, ;,, —y; ;and Ay_=y, ;- y; ;_;, as indicated in Figure 3.3.

FIGURE 3.3 Notation for unequal y spacing.
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We recall that for equal spacing, the central-difference representation for a first derivative was equiv-
alent to the arithmetic average of a forward and backward representation. That is, for Ay, = Ay_ = Ay,

S Au +Vou
al — yUi.j _ yUij VUi + 0[(Ay)2]
ay i 2Ay 2Ay

We might wonder if, for unequal spacing, use of a geometrically weighted average will preserve the
second-order accuracy:

f)
al\ = Ayui,j / Ay— \ + Vyui,j / A)’+ \

Ol(Ay)* 3.66
ayJ,.,j Ay, \Ay+ay ) T ay apeay ) T [(Ay)°] (3.66)

The truth of the previous statement may be evident to some, but it can be verified from basics
by use of Taylor-series expansions about point (i, j). Letting Ay,/Ay_ = o, and adopting the more

compact subscript notation to denote differentiation, u, = du/dy), ;, u,, = 0*u/dy?), ;, etc., we
obtain
(aAy_)’ (aAy_)’ (aAy)* 367
Ui jo = Ui j + UOAY_ + Uy, 2 + Uy, Y + Uyyyy a1 + (3.67)
-Ay_)? -Ay_)? -Ay)!
U joy = U +uy(—Ay_)+uyy( 2): ) +um( 3): ) +uym( 4): ) +... (3.68)

As before, we will multiply Equation 3.67 by a and Equation 3.68 by b, add the results, and solve
for du/dy), ;. Requiring that the coefficient of du/dy);,;Ay_ be equal to 1 after the addition gives
ao.— b = 1. For the final result to have a T.E. of O[(Ay)’] or better, the coefficient of u,, must be zero
after the addition, which requires that o?a + b = 0. A solution to these two algebraic equations can
be obtained readily as a = l/ou(o + 1), b = —o/(o0 + 1). Thus,

ou a x Equation 3.67 + b x Equation 3.68
) - a +O[(My)’]

dy Ay_

ij

The final result can be written as

ou) Mg+ (o = Duy; - &’y (3.69)
dy a(a+1)Ay_

ij

which can be rearranged further into the form given by Equation 3.66.

Our Taylor-series examples thus far have illustrated procedures for obtaining a finite-difference
approximation to a single derivative. However, our main interest is in correctly approximating an
entire PDE at an arbitrary point in the problem domain. For this reason, we must be careful to use
the same expansion point in approximating all derivatives in the PDE by the Taylor-series method.
If this is done, then the T.E. for the entire equation can be obtained by adding the T.E. for each
derivative.
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FIGURE 3.4 Difference molecule, fully implicit form for heat equation.

There is no requirement that the expansion point be (i, j), as indicated by the following examples,
where the order of the T.E. and the most convenient expansion points are indicated. The geometric
arrangement of points used in the difference equation is indicated by the sketch of the difference
“molecule.”

Fully implicit form for the heat equation, Equation 3.55:

n+l n
uj —Uuj _ a n+l _ non+l n+l _ 2
T (w2l =2 +12!) TE.= O[AL(AYY] (3.70)

The difference molecule for this scheme is shown in Figure 3.4, and point (n + 1, j) is indicated as
the most convenient expansion point.

Crank—Nicolson form for the heat equation:

n+l _ n
— Y 2(;)2 [t + e - 2(u +ul ) u + ul1] TE.=OlAN . (AY] (71

u

The difference molecule for the Crank—Nicolson scheme is shown in Figure 3.5, and point (n + 1, j)
is designated as the most convenient expansion point.

It is interesting to note that the order of the T.E. for difference representations of a complete PDE
(not a single derivative term, however) is not dependent upon the choice of expansion point in the
evaluation of this error by the Taylor-series method. We will demonstrate this point by considering

Convenient
expansion point

j+1
e n+l
o N
° . ° .

X

FIGURE 3.5 Difference molecule, Crank—Nicolson form for heat equation.
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the Crank—Nicolson scheme. The T.E. for the Crank—Nicolson scheme was most conveniently deter-
mined by expanding about the point (n + 1, j) to obtain the results stated earlier. Using this point
resulted in the elimination of the maximum number of terms from the Taylor series by cancellation.
Had we used point (, j) or even (n — 1, j) as the expansion point, the conclusion on the order of the
T.E. would have been the same. To reach this conclusion, however, we often must examine the T.E.
very carefully. To illustrate, evaluating the T.E. of the Crank—Nicolson scheme by using expansions

n+l  n+l _ n+l

for uj_y,uj,,ujl,ujs,u;" about point (n, j) in Equation 3.71a gives, after rearrangement,

U, — Ol = —Uly % + Oty % +O[(Ax)* ]+ O[(A1)?] (3.71b)

At first glance, we are tempted to conclude that the T.E. for the Crank—Nicolson scheme becomes
O(A?) + O[(Ax)*], when evaluated by expanding about point (1, j), because of the appearance of the
terms —u,At/2 and ow, At/2. However, we can recognize these two terms as —(A#/2)(d/01)(u, — o),
where the quantity in the second set of parentheses is the left-hand side of Equation 3.71b. Thus,
we can differentiate Equation 3.71b with respect to ¢ and multiply both sides by —A#/2 to learn that
—(At/2)(d/90)(u, — owr,,) = O[(AH?*] +O[(Ax)?]. From this, we conclude that the T.E. for the Crank—
Nicolson scheme is O[(AH?] +O[(Ax)*] when evaluated about either point (n, j) or point (n + T 7).
Use of other points will give the same results for the order of the T.E. This example illustrates that
the leading terms in the T.E. should be examined very carefully to see if they can be identified as a
multiple of a derivative of the original PDE. If they can, they should be replaced by expressions of
higher order.

3.4.2 Use oF PoLyNoMiAL FITTING

Many applications of polynomial fitting are observed in computational fluid mechanics and heat
transfer. The technique can be used to develop the entire finite-difference representation for a PDE.
However, the technique is perhaps most commonly employed in the treatment of boundary condi-
tions or in gleaning information from the solution in the neighborhood of the boundary. Consider
some specific examples.

Example 3.1

In this example, the derivative approximations needed to represent a PDE will be obtained by
assuming that the solution to the PDE can be approximated locally by a polynomial. The polyno-
mial is then “fitted” to the points surrounding the general point (i, /), utilizing values of the function
at the grid points. A sufficient number of points can be used to determine the coefficients in the
polynomial exactly. The polynomial can then be differentiated to obtain the desired approxima-
tion to the derivatives. Consider Laplace’s equation, which governs the two-dimensional (2-D)
temperature distribution in a solid under steady-state conditions:

2 2
% + LZ =0 (3.72)
X"  ady

Solution

We suppose that both the x and y dependency of temperature can be expressed by a second-
degree polynomial. For example, holding y fixed, we assume that temperatures at various x loca-
tions in the neighborhood of point (i, j) can be determined from

T(x,yo) = a+bx+cx’
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For convenience, we let x = 0 at point (i, ), and Ax = constant. Clearly,

ﬂ) b
0x Iy

2

g\ =2cC
X J

The coefficients a, b, and ¢ can be evaluated in terms of temperatures at specific grid points
and Ax. The choice of neighboring grid points used in this evaluation determines the geometric
arrangement of the difference molecule, that is, whether the resulting derivative approximations
are central, forward, or backward differences. Here we will choose points (i — 1, j), (i, j), and
(i + 1, j) and obtain

TG, j)=a
T(i+1,)) = a+ bAx + c(Ax)?

T(i =1,j) = a— bAx + c(Ax)?

from which we determine that

b=ﬂ) _ T =Ty
X/ 2AXx
cVOTN Ty = 2T 4T
20¢) 2(Ax)
Thus,
TV Ty =20y 4Ty
g\ =1/—/2+1/ 3.73)
) (A%)

This represents an exact result if indeed a second-degree polynomial expresses the correct variation
of temperature with x. In the general case, we only suppose that the second-degree polynomial is a
good approximation to the solution. The T.E. of the expression, Equation 3.73, can be determined by
substituting Taylor-series expansions about point (i, /) for T,;; and T, ; into Equation 3.73. The T.E.
is found to be O[(Ax)?] and will involve only fourth-order and higher derivatives, which are equal to
zero when the temperature variation is given by a second-degree polynomial.

A finite-difference approximation for 9°T/dy? can be found in a like manner. We notice that
arbitrary decisions need to be made in the process of polynomial fitting, which will influence the
form and T.E. of the result: in particular, these decisions influence which of the neighboring points
will appear in the difference expression. We also observe that there is nothing unique about the
procedure of polynomial fitting that guarantees that the difference approximation for the PDE is
the best in any sense or that the numerical scheme is stable (when used for a marching problem).

Example 3.2

Suppose we have solved the finite-difference form of the energy equation for the temperature distribu-
tion near a solid boundary and we need to estimate the heat flux at the location. Our finite-difference
solution gives us only the temperature at discrete grid points. From Fourier’s law, the boundary heat
flux is given by q,, = —kaT/dy), _,. Thus, we need to approximate 97/dy),., by a difference representa-
tion that uses the temperature obtained from the finite-difference solution to the energy equation.

61
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Solution

One way to proceed is to assume that the temperature distribution near the boundary is a poly-
nomial and to “fit” such a polynomial, that is, straight line, parabola, or third-degree polynomial,
to the finite-difference solution that has been determined at discrete points. By requiring that the
polynomial matches the finite-difference solution for T at certain discrete points, the unknown
coefficients in the polynomial can be determined.

For example, if we assume that the temperature distribution near the boundary is again a
second-degree polynomial of the form T = a + by + cy?, then referring to Figure 3.6, we note that
d7T/dy),, = b. Further, for equally spaced mesh points, we can write

h=a
T, = a+bAy + c(Ay)

Ty = a+ b(2Ay) + c2Ay)

The resulting solutions for a, b, and c are

a=T
b= =3 +4T,-T;
2Ay
_h-2L+71,
2(Ay)

Thus, we can evaluate the wall heat flux by the approximation

aT k
G = - —) ~ kb= (T, - 4T +Ty)

), y

It is natural to inquire about the T.E. of this approximation for d7/dy),_,. This may be established by
expressing T, and T; in terms of Taylor-series expansions about the boundary point and substitut-
ing these evaluations into the difference expression for 97/dy), _,. Alternatively, we can identify the
second-degree polynomial as a truncated Taylor-series expansion about y = 0.

Second-degree polynomial:

T=a+by+cy’
T5
Ay = Constant T,
T3

A yI
T,

N

FIGURE 3.6 Finite-difference grid near wall.
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Taylor series:

aT ) T\ y* 9T\ ¥

t—| Yt —| Tt Tt

ayJD % JO 21 ay )0 3!
T.E.

T =T(0)

Thus, the approximation T =~ a + by + cy? is equivalent to utilizing the first three terms of a Taylor-
series expansion with the resulting T.E. in the expression for T being O[(Ay)*]. Solving the Taylor
series for an expression for 97/dy),_, involves division by Ay, which reduces the T.E. in the expres-
sion for aT/dy), _ to Ol(Ay)].

Example 3.3

Suppose that the energy equation is being solved for the temperature distribution near the wall
as in Example 3.2, but now the wall heat flux is specified as a boundary condition. We may then
want to use polynomial fitting to obtain an expression for the boundary temperature that is called
for in the difference equations for internal points. In other words, if q,, = —kd7/dy),_, is given, how
can we evaluate T aty = 0, that is, (T;) in terms of q,/k and T, T, etc.?

Solution
Here we might assume that T = a + by + cy? + dy? near the wall and that 07/dy),_, = b = —q,,/k

(given). Our objective is to evaluate T, which in this case equals a. Referring to Figure 3.6, we
can write

T,=a —qTWAy +c(Ay)® +d(Ay)’
T, =a-9" (oA 2Ay) +d(2Ay)?
3= P y)+ C(2Ay)” + d(2Ay)

T,=a- qTW(?;Ay) +c(3Ay) + d(3Ay)

These three equations can be solved for a, ¢, and d in terms of T, T;, T,, q,,/k, and Ay. The desired
result, T, as a function of T, T, g,./k, and Ay, follows directly from T, = a and is given by

1

T =
T

(1 8T, — 9T, + 2T, + M%"W) +Ol(Ay)*] (3.74)

The T.E. in Equation 3.74 can be established by substituting Taylor-series expansions about (i, /)
for the temperatures on the right-hand side or by identifying the polynomial as a truncated series
by inspection.

We will close this discussion on polynomial fitting by listing some expressions for wall values of
a function and its first derivative in terms of values of the function. These expressions are useful, for
example, in extracting a value of the function at the wall, if the wall value of the first derivative is
specified. The results in Table 3.3 were obtained from polynomial fitting, assuming that 7(y) can be
expressed as a polynomial of degree up to the fourth, and that Ay = h = constant.



64 Computational Fluid Mechanics and Heat Transfer

TABLE 3.3
Some Useful Results from Polynomial Fitting
Polynomial
Degree Wall Value of Function or Derivative Equation
1 Y _Tya =Ty, o(h) (3.75)
ay ),,, h
aT\ 2
1 T;=T - h—| +00*) (3.76)
ayJ,-,,»
aT\ 1 )
2 Sl = (53T + 4Ty~ T ) + OCh 377
0y),.. o (3L + 4T o1 = T jua) + O (3.7
1 aT 3
2 T == |4T -T2 =2h——1 |+ O) (3.78)
3 ayJ,- i
3 oIy L 1T, ; + 18T, oy = 9T; ju2 + 2T, ;13) + O(1) (3.79)
ay iy 6h
3 T, =187, ~9Tm 42T —6n L) | 0ut) (3.80)
11 i),
4 ) = (ST, 4 48T, = 36T, 2 + 16T, s 3T, + OGY) (381
ayJi/ 12h ij ij+l ij+2 ij+3 ij+d .
1 T’ s
4 Tj=—C 48T .1 —367},/42 + 16Ti,j+3 —37;',/+4 -12h— +0(h) (3.82)
25| ay ),»,,

3.4.3 INTEGRAL METHOD

The integral method provides yet another means for developing difference approximations to PDEs.
We consider again the heat equation as the specimen equation:

ou 0’u

Py a Py (3.83)
The strategy is to develop an algebraic relationship among the values of u at neighboring grid points
by integrating the heat equation with respect to the independent variables ¢ and x over the local
neighborhood of point (n, j). The point (n, j) will also be identified as point (7, x,). Grid points are
spaced at intervals of Ax and Ar. We arbitrarily decide to integrate both sides of the equation over
the interval ¢, to #, + Ar and x, — Ax/2 to x, + Ax/2. Choosing t, — At/2 to t, + At/2 would lead to an
inherently unstable difference equation. Unfortunately, at this point we have no way of knowing
which choice for the integration interval would be the right or wrong one relative to stability of the
solution method. This can only be determined by a trial calculation or application of the methods
for stability analysis, presented in Section 3.7. The order of integration is chosen for each side in a
manner to take advantage of exact differentials:

x0+Ax/2(t0+At to+At / x0+Ax/2

\ EI
Ju J°u
f Lf atdtJ dx=ocft _Maxzdxj dt (3.84)

xo—-Ax/2 ) fo
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The inner level of integration can be done exactly, giving

x0+Ax/2
[u(to + At, x) = u(ty, x) |dx

xo—Ax/2

=(xf a—”(r,xﬁg)—%(t,m—&) dt (3.85)
ox 2 ox 2

For the next level of integration, we take advantage of the mean-value theorem for integrals, which
assures us that for a continuous function f(y),

yi+Ay

f fdy = fF()Ay (3.86)

where y is some value of y in the interval y, <y <y, + Ay. Thus, any value of y on the interval will
provide an approximation to the integral, and we can write

yi+Ay

f fdy =~ f(HAY  yi ==y +hy

As we invoke the mean-value theorem to further simplify Equation 3.85, we arbitrarily select x, on
the left-hand side and #, + Af on the right-hand side as the locations within the intervals of integra-
tion at which to evaluate the integrands:

[u(to + At, .xO) - u(t(),XO)]AX

ou Ax ou Ax
=ao|—| 1t +At, —| —— |t +At,xg——| | At 3.87
a[ax(0+ ot 2) 8x(0+ o 2)} ( )

To express the result in purely algebraic terms requires that the first derivatives, du/dx, on the
right-hand side be approximated by finite differences. We could achieve this by falling back on our
experience to date and simply utilize central differences. Alternatively, we can continue to pursue
a purely integral approach and invoke the mean-value theorem for integrals, again observing that

xo+Ax
u(ty + At, xo + Ax) = u(ty + At, x) + f %(zo +At,x)dx
X

X0

=~ M(to + At,xO)'F%(to + At,.xO +%) Ax (388)
X

from which we can write

al( AX) NM(t0+At,X0+Ax)—M(to+AZ,XO) (3 89)

to+ At,xy + —
ax\ "’ ) Ax
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In evaluating the integral in Equation 3.88 through the mean-value theorem, we have arbitrarily
evaluated the integrand at the midpoint of the interval. Hence, the final result is only an approxima-
tion. Treating the other first derivative in a similar manner permits the approximation to the heat
equation to be written as

[M(to + At, xO) - M(to,Xo)]Ax

[u(ty + At, xy + Ax) = 2u(ty + At, xy) + u(ty + At, xy — Ax)]At (3.90)

o
Ax

Reverting back to the n, j notation, whereby n denotes time (f) and j denotes space (x), we can rear-
range the previous equation in the form

n+l n
uy —u; — L n+l _ n+l n+l
o bt - =

which can be recognized as the fully implicit representation of the heat equation, Equation 3.70,
given in Section 3.4.1. The choice of 7, + At as the location to use in utilizing the mean-value theo-
rem for the second integration on the right-hand side is responsible for the implicit form. If #, had
been chosen instead, an explicit formulation would have resulted. We note that a statement of the
T.E. does not evolve naturally as part of this method for developing difference equations but must
be determined as a separate step.

3.5 FINITE-VOLUME METHOD

In developing what has become known as the finite-volume method, the conservation principles
are applied to a fixed region in space known as a control volume. Use of the control volume is
what distinguishes the finite-volume method from the finite-difference method. In some cases, both
methods may result in the same algebraic representation, but the way that the algebraic equations
are determined by the two methods differs.

Because the finite-volume method invokes conservation in a fixed region in space, the mathe-
matical representation of the conservation statement normally involves integrals rather than a PDE.
These integrals will be evaluated over the finite volume or its boundaries, which is different than the
integral method for PDEs discussed in Section 3.4.3. The control-volume form of the conservation
statement is usually well known from first principles, or it can, in most cases, be developed from the
PDE form of the conservation law with the aid of the divergence theorem.

Before we discuss the representation of a full conservation statement, it is instructive to indi-
cate how the finite-volume methodology can be used to obtain an approximation for a derivative.
Suppose we wish to find a finite-volume representation for du/dx at point i in a 1-D example. We
will select the control volume boundaries to be halfway between the point i and its two neighbors. If
we consider the derivative to be the divergence of a 1-D vector V whose one component is u in the
x direction, we can employ the divergence theorem to write

fff%dze= @v.nds
ox
R S

We will use the mean value theorem for integrals to evaluate the integral on the left as the volume
averaged derivative times the volume of the control volume. In this 1-D case, the volume will be
taken as unity times Ax. The integral on the right is evaluated along the boundaries of the control
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volume, and dS is taken as unity for this 1-D example. Approximating the volume averaged deriva-
tive as the value at point i, we can write

al) ~ Wiv12 —Uiz12
x/, Ax

where the i + 1/2, i — 1/2 notation is understood to indicate that the value of u is to be obtained on
the boundaries of the control volume. There are choices to be made as to how to approximate the
values on the boundary and different decisions will result in different algebraic representations.
Approximating these values with a simple average, that is, letting

Ui U Ui +U;
Upp >~ ———— and  w_jp >

2 2

we obtain for equally spaced points the central difference representation:

al) ~ Wi — Ui
ox l._ 2Ax

If the spacing between points is not equal, and the boundary value on the left is obtained from linear
extrapolation using the two points to the right and the right boundary value is obtained by extrapo-
lating from the left, the expression in Equation 3.69 is obtained (with y replaced by x). A similar
procedure can be used to obtain a control-volume representation of the second derivative du/dx> at
point i. Here, in applying the divergence theorem, we let the vector V have one component, du/dx,
in the x direction. Then

2
fff%dR=§g§V-ndS
R * S

Evaluating the integral on the right using a finite-difference representation of du/dx, we find for
equally spaced grid points:

2
0%u Ui = 2u +uy

a? (Ax)?

ax>

When the spacing is unequal, the central representation yields

2
U 2 (”i+1—u1 ui_ui—l)

o’ Ax, +Ax_\ Ax, Ax.

We now consider representing an entire conservation statement using finite-volume methodology.
Before algebraic equations are developed, the conservation statement is written in terms of integrals
that express conservation for a fixed region in space, that is, a control volume.

As an example, consider unsteady 2-D heat conduction in a rectangular-shaped solid. The prob-
lem domain is to be divided up into control volumes with associated grid points. We can establish
the control volumes first and place grid points in the centers of the volumes (cell-centered method).
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FIGURE 3.7 Finite-difference grid for control-volume method.

Alternatively we can establish the grid first and then fix the boundaries of the control volumes
(cell-vertex method) by, for example, placing the boundaries halfway between grid points. When
the mesh spacing varies, the points will not be in the geometric center of the control volumes in the
cell-vertex method. In the present example, equal spacing will be used, so that the two approaches
will result in identical grid and control-volume arrangements.

We first consider the control volume labeled A in Figure 3.7, which is representative of all inter-
nal (nonboundary) points. The appropriate form of the conservation statement for the control vol-
ume (namely, that the time rate of increase of energy stored in the volume is equal to the net rate at
which energy is conducted into the volume) can be represented mathematically as

fffpc%ldR+@q-ndS=0
R g S

The first term in this equation, an integral over the control volume, represents the time rate of
increase in the energy stored in the volume. The second term, an integral over the surface of the
volume, represents the net rate at which energy is conducted out through the surface of the volume.
This is the integral or control-volume form of the conservation law that we are applying in this
case and is the usual starting point for the derivation of the conservation law in partial differential
form. On the other hand, if the PDE form of the conservation law is available to us, we can usually
work backward with the aid of the divergence theorem to obtain the appropriate integral form. For
example, with constant properties, this problem is governed by the 2-D heat equation, an extension
of Equation 3.62, which can be written in the form

o _ 9 (kg) +a(kaT) =V (kVT) (3.92a)
dy\ dy

where
k is the thermal conductivity
p is the density
c is the specific heat

and the heat flux vector q is given by q = —kVT.
We can integrate Equation 3.92a over the control volume to obtain

fff(pc%+V-q) dR =0 (3.92b)
R
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Applying the divergence theorem gives

fffpc%dR+9;5q-ndS=O
R N

the integral form of the conservation law. The PDE form of the law is derived from the integral form
by observing that Equation 3.92b must hold for all volumes regardless of size or shape. Therefore,
the integrand itself must be identically zero at every point. Of course, representing conservation of
energy by Equations 3.92a and 3.92b assumes the existence of continuous derivatives that appear
in the divergence term.

For a 2-D problem, the “volume” employs a unit depth. In two dimensions, we can represent ndS
as idy — jdx for an integration path around the boundary in a counterclockwise direction. Thus, the
surface integral on the right, representing the net flow of heat out through the surface of the volume,
can be evaluated as

Eﬁ (q.dy - q,dx)

where g, and g, are components of the heat flux in the x and y directions, respectively. The conserva-
tion statement then becomes

f f pc% dR + SEP (q.dy - q,dx) = 0 (3.93)
R N

It should be noted that Equation 3.93 is valid for volumes of any shape. No assumption was neces-
sary about the shape of the volume in order to obtain Equation 3.93.

The term on the left containing the time derivative can be evaluated by assuming that the tem-
perature at point (7, j) is the mean value for the volume and then using a forward time difference to
obtain

pc (Ti’n’+lA: ) AxAy

The time level at which the term on the right, representing the net heat flow out of the volume, is
evaluated determines whether the scheme will be explicit or implicit. Reasonable choices include
time levels n, n + 1, or an average of the two. Fourier’s law can be used to represent the heat flux
components in terms of the temperature:

The second integral in Equation 3.93, representing the flow of heat out of the four boundaries of the
control volume about point (7, j), can be represented by

+ kAy E) + kAx ﬂ\
i-1/2,j

_kAy E) a9 |
i+1/2,] dy i.j-1/2

0x 9y J i.j+12 dx
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The 7 in the subscripts refers to evaluation at the boundaries of the control volume that are halfway
between mesh points. The expression for the net flow of heat out of the volume is exact if the deriva-
tives represent suitable average values for the boundaries concerned. Approximating the spatial
derivatives by central differences at time level n and combining with the time-derivative representa-
tion yields

pe— I )AxAy+kAy(T’3 ;xm"” )+kAx(Ti’nj _Ay":l"“)

(Tinjn _7n

+kAy (Tijqj ;xTi’ll'j) +kAx (Tijlj _Ayiz_l) =0

Dividing by pcAxAy and rearranging gives

T -1 =a( g =200 + T T = 2T + ) (3.94)

At (Ax)? (Ay)’

where o = k/pc. Equation 3.94 corresponds to the explicit finite-difference representation of the 2-D
heat equation.

Now consider the control volume on the boundary, labeled B in Figure 3.7. In this example, we
will assume that the boundary conditions are convective. For the continuous (nondiscrete) problem,
this is formulated mathematically by h(T., — T, = —kdT/dx), ;, where the point (i, j) is the point on
the physical boundary associated with control volume B. If we were to proceed with the Taylor-
series approach to this boundary condition, we would likely next seek a difference representation
for d7/0x), ;. If a simple forward difference is used, the difference equation governing the boundary
temperature would be

h(Tw - T,-f'j) = é(TiTi - iil,.i) (3.95)

In the control-volume approach, however, we are forced to observe that some material is associated
with the boundary point so that conduction may occur along the boundary, and energy can be stored
within the volume. The energy balance on the control volume will account for possible transfer
across all four boundaries as well as storage. Applying Equation 3.93 to volume B gives

T =T ) AxA oT Ax oT Ax 9T
pc( iy =) y-kAy—) —k) +k)
i+1/2, ij+1/2 i,j-1/2

At 2 ax 2 Jy 2 dy

+hAy(T - T.) = 0

Using the same discretization strategy here as was used for volume A, we can write

N (];’lj+l - T,"j) AxAy + kAy (Tlnj - T;il,) . kﬂ (T:nj - Tznj+1)
2At Ax 2 Ay
+ kgx(m ;yT"?f‘l) +hy(T - T.) = 0
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Dividing through by pcAxAy, we can write the result as

5

T Ty [T =T T =21+ 1 ] (T =T
At (Ax) 2(Ay) pchx

(3.96)

which is somewhat different from Equation 3.95, which followed from the most obvious application
of the Taylor-series method to approximate the mathematical statement of the boundary condition.

The equations in the previous example were derived by approximating spatial derivatives at
control-volume boundaries by central differences as is appropriate for control volumes that align
with the Cartesian coordinate system. We now show that it is possible to develop appropriate repre-
sentations for conservation statements by finite-volume methods for general control volumes where
the boundaries may not necessarily intersect in an orthogonal manner. The main points can be read-
ily illustrated by considering two examples in two dimensions, that of mass conservation in steady,
incompressible flow and thermal energy conservation as in the previous example.

The approach is largely the same regardless of the shape of the control volume. The grid may be
structured or unstructured. A structured grid in two dimensions is one that consists of two families
of grid lines that intersect with the property that members of one family do not cross each other and
cross each member of the other family only once. A Cartesian grid is one example of a structured
grid; however, the families may also consist of curved lines that conform to more general geom-
etries (see, e.g., Figure 10.8). An important feature of a structured grid is that the lines in a family
can be numbered consecutively so that the intersection points can be uniquely specified by indices
such as 7, j. Each point has four nearest neighbors in two dimensions. An unstructured grid is one in
which the data structure is irregular so that the number of nearest neighbors varies. This precludes
the use of simple indices to uniquely identify points. Node locations and nearest neighbors must be
specified. Much more information on grids can be found in Chapter 10.

We will utilize the generally nonorthogonal but structured grid illustrated in Figure 3.8 in which
control volumes are quadrilaterals for a short example. The boundaries of control volumes are
placed approximately halfway between grid points. More precisely, the coordinates of the corners
of the control volumes (points a, b, c, d) are taken as the average of the coordinates of the four sur-
rounding grid points. That is,

(xi,j—l + Xignj-1 F X1 + -xi,j) (yi,j—l * Visj-1 F Yier,j + yi,j)
4

X = Ya

4

FIGURE 3.8 Control volume for finite-volume discretization; shaded area is secondary volume used in
representation of boundary derivatives.
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The coordinates of points b, ¢, d are located in a similar manner. The corners are connected by
straight lines to form the control volume. This illustrates a cell vertex or nodal point scheme. In
passing we note that other choices for the establishment of control volume could have been made.
For example, we could have considered the intersecting solid lines in Figure 3.8 to be the control
volume boundaries and placed “grid” points (where variables will be evaluated) in the center of
the volumes. This would have been a cell-centered scheme, a scheme also utilized in Chapter 5 (Section
5.7). For a control volume, conservation of mass in steady, incompressible, 2-D flow requires

@V-ndS =0 (3.97)
S

where
n is a unit vector normal to the control volume (positive when pointing outward)
V is the velocity vector, V = ui + vj

The integral represents the net volume rate of flow out of the volume S. For 2-D flow, the “volume”
is formed by including a unit depth normal to the x—y plane. This unit depth will be omitted in the
equations that follow. Equation 3.97 serves as a model for conservation statements that require
evaluation of surface fluxes that can be represented in terms of simple functions of the dependent
variables themselves.

In two dimensions, we can represent ndS as idy — jdx (omitting the unit depth) for an integration
path around the boundary in a counterclockwise direction. Thus, Equation 3.97 can be written as

g;P(udy —vdx) =0 (3.98)
N

To evaluate this integral for the control volume A in Figure 3.8, we need to represent the velocity
components on the boundaries of the control volume. One choice is to use the average of the velocity
components at nodes on either side of the boundary. Thus, for boundary a — b, we use

Uipy,j + U j Vierj Vi)

Ugp = Uis1/2,j = Vab = Vis12,j =
' 2 ' 2

Thus,

@(”d)’ - vdx) ~ Mi+1/2,jAyah - Vi+1/2,ijub + ui,j+l/2Aybc - Vi,j+1/2AXbc
s

U112, j DY eq = Vicr2, j DX cq + Ui 12840 = Vi 12854, (3.99)

where the increments in the coordinates indicated earlier must be evaluated very carefully as
Ax,, =X, — X, Ay, =V, — ,, for example. That is, the quantity Ax,, represents the change in x as one
moves from point a to point b, and Ay, represents the change in y as one moves from point a to point
b. Some of the increments will be positive and some will be negative as the integration proceeds
around the control volume. Note that if the control volume is a rectangle with sides aligned with the
Cartesian coordinate system, one of the coordinate increments will be zero along each boundary,
and some of the velocity components will cancel resulting in the central representation:

ﬁ(ud)’ =vdx) > Uiy, j — Ui AV + (Vi = Vi jo1) Ay, (3.100)
S
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Many conservation statements required in applications govern unsteady phenomena, and others
contain fluxes that depend upon derivatives. The integral form of the 2-D heat equation will be used
as a model to illustrate how such terms can be treated for a control volume of arbitrary shape. The
differential form of the 2-D heat equation is given by Equation 3.92a

pc£=i(k£) +a(kaT) =V-(kVT)
ot dx\ odx ay\ dy

The corresponding integral form is

fffpc%dRJrg;Pq-ndho (3.101)
R S

where

a5 0T
ox ay

Following the strategy employed with the surface integral that appeared in the previous example,
we can write Equation 3.101 as

fffchdR+g35 (—kgdyﬂcgdx\ =0 (3.102)
J % ar SL ox ay

The term on the left containing the time derivative can be evaluated by assuming that the tem-
perature at point (i, j) is the mean value for the volume and then using a forward-time difference to
obtain

(7" -13)
pc A Rapea (3.103)

where R, is the volume of the control volume. In this 2-D example, we will take the volume to
be the area of the 2-D control volume in the x—y plane, A, times a unit depth normal to that
plane. As before, the unit depth will be omitted in the equations to follow. We will determine
the area of the quadrilateral region A, as one-half the magnitude of the cross products of its
diagonals:

Aab('d =05 ‘(A-xdbAyac - AydbA-xac)

Note that for a rectangular region with boundaries aligned with the Cartesian coordinate system,
this results in A ., = AxAy.

To evaluate the surface integral in Equation 3.102, we will first discretize by approximat-
ing the integrand on the boundaries. As we do so, a decision must be made as to the time level
at which the boundary fluxes are to be evaluated. This determines whether the scheme will be
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explicit or implicit. Reasonable choices include time levels n, n + 1, or an average of the two.
Selecting time level n,

n

ggj{—kawakade\ E-kﬂ) Ay T
L dx dy J i+1/2,] J X

oT\"
| - k—) Ay
dx y i+1/2,) i,j+1/2

s

n n n

T\" T\" T T T
+ k a) A.xbc - ki) Ach + k a) A.xpd - kai) Ayda + k a) A.xda
8y ij+1/2 dx i-1/2,j i-1/2,j i,j-1/2 i,j-1/2

(3.104)

For rectangular volumes whose boundaries align with the Cartesian coordinate system, the deriva-
tives at boundaries are readily represented by central differences utilizing neighboring nodal values
of temperature as in the previous example. However, it is possible to develop appropriate repre-
sentations for derivatives at control-volume boundaries by integral methods in a manner that is
not restricted to Cartesian or even orthogonal grids. The method makes use of results that can be
obtained from application of the divergence theorem:

ff V-VdS=g?V-nds
R N

Letting V = Ti and applying the divergence theorem gives

fff%dR = @Tdy (3.105)
R N

where again we are making use of the fact that n « dS can be represented by idy — jdx. In a like
manner, letting V = Tj, we observe

ff{ng - -g?mx (3.106)

Further, by multiplying the first expression by i and the second by j and adding, we can see that

f f VTdR = g;PTndS (3.107)
R N

These results provide a way in which derivatives of temperature on the control-volume boundary
can be represented by integrating the temperature around the boundaries of a suitable volume.
Suppose, for example, that we wish to represent 07/0x);,,,; and dT/9dy)},1s»,; for an interior control
volume such as volume A in Figure 3.8. We first establish a secondary volume (area in this 2-D
example) in such a manner that the point at which the representation is desired, i + 1/2, j in this case,
is approximately in the center. The shaded area in Figure 3.8 will serve that purpose. This procedure



Basics of Discretization Methods 75

assumes that 97/9x)},12,; and 07/9y)},12,; are mean values for the secondary area a’, b’, ¢’, d'. Thus,
it follows from the results obtained earlier that

T " 1 T " 1
87) = g;P Tdy and a) = - g;P Tdx
X/ iy Awvea 3 Y} Avpea 3

where A, gy 1S the area of the secondary volume. The coordinates of the secondary volume are estab-
lished by employing suitable averages of the coordinates of neighboring points. The determination
of the coordinates of points a, b, ¢, d has already been discussed. They are found as averages of the
coordinates of the four neighboring nodal points. The location of a’ can be determined by averaging
the coordinates of points (i + 1, j) and (i + 1, j — 1). The coordinates of point ' can be determined by
averaging the coordinates of points (i + 1, j) and (i + 1, j + 1). The coordinates of points ¢’ and d’ are
determined as averages in a similar manner. We next approximate the line integrals as, for example,

aT\" 1 1
el = Tdy=—— [T, Ayyy + TP Ayye + T Aoy + T AV
ax)i+1/2,j Agpea 935 Y Aa’b’c’d’[ +1jSVab Lo BYp JBYed Ya ]

(3.108)

where 7, and 7, are determined as averages of the four neighboring nodal temperatures. Notice that
for a rectangular volume with boundaries that align with the Cartesian coordinate system, Equation
3.108 reduces to

n n
i+l,j — 7’;,/

Ax

To complete the discretization of Equation 3.104, seven more equations similar to Equation 3.108
must be developed. This requires that a different secondary area be established for approximating
derivatives on each of the four sides of the original control volume labeled A in Figure 3.8. This is
computationally intensive, but the result is general and not restricted to orthogonal grids.

Of the methods considered in this chapter, the finite-volume and Taylor-series methods are the most
widely used procedures for discretizing conservation statements. Looking back over the methodology
of these techniques, we can note that the Taylor-series approach readily provided difference approxi-
mations to derivatives and the representation for the complete PDE was made up from the addition of
several such representations. The T.E. for the representation was easily determined from the Taylor
series. Although the finite-volume methodology can be used to obtain algebraic representations for
derivatives, the usual procedure is to discretize a conservation statement in integral form for a control
volume. T.E.s need to be determined from a separate step. The distinctive characteristic of the finite-
volume representation for a conservation law is that a “balance” of some physical quantity is made on
the region (control volume). The discrete nature of the problem domain is always taken into account in
the finite-volume approach, which ensures that the physical law is satisfied by a discrete representation
over a finite region rather than only at a point. It would appear that the discretization developed by the
finite-volume approach would almost certainly have the conservative property.

It is difficult to appreciate the subtle differences that may occur in the difference representations
obtained for the same PDE by using the different methods discussed in this chapter without work-
ing a large number of examples. In many cases, and especially, for simple, linear equations, the
resulting discrete representations can be identical. That is, four different approaches can give the
same result. There is no guarantee that difference equations developed by any of the methods will
be numerically stable, so that the same scheme developed by all the methods could turn out to be
worthless. The differences in the results obtained from using the different methods are more likely
to become evident in coordinate systems other than rectangular.
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3.6 INTRODUCTION TO THE USE OF IRREGULAR MESHES

Clearly, it is convenient to let the mesh increments such as Ax and Ay be constant throughout the
computational domain. However, in many instances, this is not possible because of domain bound-
aries that do not coincide with the regular mesh lines or because of the need to reduce the mesh
spacing in certain regions in order to maintain the desired level of accuracy. These irregularities
occur frequently enough in physical problems to command a significant amount of attention from
workers in computational fluid mechanics and heat transfer. In fact, efficiently dealing with irregu-
lar geometries that cannot be defined in terms of coordinate lines from a known orthogonal coordi-
nate system is one of the important practical problems challenging computational fluid dynamics at
the present time. This problem is complex and has no optimum solution for all cases. Some of the
ideas are introduced in this chapter, but the general issue of irregular meshes is addressed at various
points throughout the remainder of the book, particularly in Chapters 5 and 10.

3.6.1 IRREGULAR MESH DUE TO SHAPE OF A BOUNDARY

Here we address those cases in which some portion of the boundary consists of a curve (in two
dimensions) that does not coincide with a coordinate line (for an orthogonal coordinate system)
that is satisfactory for the remainder of the boundaries. An example of this would arise in solving
Laplace’s equations in a rectangular region containing a circular interior “hole.” This could also
occur in solving for the inviscid flow in a channel containing a circular cylinder, or in a rectangu-
lar conduction medium containing a circular pipe. A square mesh, Ax = Ay = constant, would be
adequate except near the cylinder, where the spacing between some of the boundary points and
the internal points is unequal, as illustrated in Figure 3.9. If the boundary conditions are Dirichlet
(u specified), the following three simple procedures may provide an adequate approximation:

1. Use an especially fine but regular mesh near the boundary and define the point closest
to the actual boundary as the boundary point for computational purposes. This results in
the boundary taking on a “zigzag” appearance. This method could require a very large
number of grid points to achieve reasonable accuracy unless more points are used away
from the boundary. If more points are used away from the boundary, the mesh becomes
irregular where the transition spacing occurs.

2. Use linear (or bilinear) interpolation to assign values of u to any internal point that is less
than a regular mesh increment from the boundary. The interpolation is between the speci-
fied boundary values of u and values of u determined at neighboring points by the FDEs
applicable to internal points in the regular mesh. This procedure may work but is not

FIGURE 3.9 Irregular mesh caused by the shape of a boundary.
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FIGURE 3.10 Notation for arbitrary irregular mesh.

strongly recommended. Usually, we can do much better than this with very little additional
effort, as indicated in the following.

3. Develop a finite-difference approximation to the governing PDE that is valid at internal
points even when the mesh is irregular. Such a difference representation for Laplace’s equa-
tion valid on a Cartesian grid with irregular spacing (Ax and Ay not constant) can be devel-
oped quite readily through the integral method by integrating about point x,, y, and letting
each integration interval extend halfway to a neighboring point. The mesh notation used
is defined in Figure 3.10. The starting point for the integral development of the difference
expression is

Yo+Ayy 12 (x0+Ax+/2 62 x0+Ax, /2 /y0+Ay+/2 62 \
W x| dy+ T ayldx=0
ox* ay2

yo—-Ay_12 \ xo—-Ax_/2 x0—Ax_/2 \ yo—-Ay-/2

Using the definition of an exact differential, this can be written as

Yo+Ay./2

%(x +Ax+ )—%(x _Ax ) d
f ox 0 ) »y ox 0 2 »y y

yo—Ay-/2

Xo+AY,/2

f ou ( ’ A}’+) ou ( : Ay_) I 0
dy 2 ay 2

X —Ax_

Employing the mean-value theorem for integrals and using the central point of the interval to evalu-
ate the integrands gives

u Ax, ou Ax_ Ay, + Ay_
— X+ Yol =~ [ Xo——F7Yo ||

ax 2 0x 2 2

ou Ay, ou Ay_\ | Ax, + Ax_
—| Xo0>Y0 + -—| X Yo-——||———=0
ady 2 dy 2 2

+

Approximating these derivatives with central differences, as was done in Section 3.4.3, gives, after
rearrangement, the following approximation for Laplace’s equation in subscript notation:

2 (Mi+1,j—“i,j _ui,j_”i—l,j)+ 2 /I/li,j.,.l_ui,j _ui,j_ui,j—l\ =0 (3.109)
Ar, +Ax. | Ax, Ax. Av.+ Ay | Ay, Ay )
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When the previous equation is specialized to the points near the irregular boundary depicted in
Figure 3.10, the derivative approximations appear as

&\ _ 2 (uc—up_up—uA)
axz)p S Ax(l+a)\ aAr | Ax
Lzu\\ - 2 (MD_MP_MP_MB)
o) Taasplopay T Ay

Equation 3.109 can also be developed by the control-volume method or by utilizing Taylor-series
expansions. However, the unequal spacing makes the Taylor-series method noticeably more labo-
rious, whereas the integral approach proceeds for unequal spacing with no increase in effort.
Likewise, using the finite-volume method would require little additional effort. However, Taylor-
series expansions about (i, j) should be substituted into Equation 3.109 to establish the consistency
and T.E. of these approximations. This will be left as an exercise for the reader. As a note of warn-
ing, we recall that our second-derivative approximations on a regular mesh acquired second-order
accuracy only through fortuitous cancellation of terms from the forward and backward Taylor-series
expansions. This cancellation will not occur if the mesh increments are unequal.

When approximately the same number of grid points is being used, we might expect this third
method of treating irregular points near boundaries to be the most accurate because the governing
PDE is being approximated at each internal point (not the case for procedure 2), and the location of
the boundary is not being altered as was done in procedure 1.

The previous approximate procedures can be useful when solving a single equation for a problem
in which Dirichlet boundary conditions are specified on an irregular boundary. However, when a sys-
tem of equations is being solved or the boundary conditions involve derivatives (Neumann), the simple
procedures given earlier are usually not adequate. Better ways of dealing with this problem usually
add significantly to the complexity of the problem formulation. One common way of handling this
type of problem is through the use of generalized body-fitted coordinates. This procedure is discussed
in Chapters 5 and 10. The finite-volume method can also be extended to provide a satisfactory rep-
resentation. An example of how the finite-volume approach can be applied to obtain satisfactory dif-
ference representations for control volumes associated with irregular boundaries is given as follows.

Finite-volume treatment of irregular boundary: As before, the governing PDE is Laplace’s equa-
tion, and we are considering the effect of an irregular boundary on a computational domain that
is otherwise discretized with an orthogonal coordinate system. In particular, we will consider
the configuration depicted in Figure 3.11, where control volumes will be rectangles except near

FIGURE 3.11  Finite-volume treatment of irregular boundary.
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the irregular boundary. In this case, application of the finite-volume methodology will result in
Equation 3.109 if the volume faces form a rectangle (i.e., if adjacent faces are orthogonal). The only
exceptions to this will be for those volumes on the irregular boundary and their immediate internal
neighbors. Some immediate internal neighbors to boundary cells, like volume A in Figure 3.11,
will have sufficient geometric symmetry so that Equation 3.109 will be obtained from the finite-
volume analysis.

If the boundary conditions at the irregular boundary are Dirichlet, no unknowns exist in the
volumes that reside on the boundary, so a heat balance on those cells is not necessary. However, if
the boundary condition is Neumann, corresponding to a specified value of boundary heat flux (g,,), the
boundary temperature is unknown, and it is appropriate to apply the integral form of the conservation
statement developed in Section 3.5:

fffpc%dR+g‘?(qxdy—qydx) =0
R §

to the volume (labeled B in Figure 3.11) on the boundary. The dashed lines in Figure 3.11 denote the
boundaries of the control volume. The corner points, located halfway between the specified nodal
points, are labeled a, b, c, d. It is assumed that the coordinates of the nodal points are known. The
coordinates of points a and d are given by

_ (xi,j—l + Xt Xt xi—l,j—l)

X, 4
(Vij-1 + Yij + Yic1j + Yic1,j-1)
Ya =
4
(X ja1 + X+ Ximqj + Xisg ja1)
Xg =
4
v = ijer + Yij + Yicrj + Yicrje1)
.=

4

Since we want points b and c to lie exactly on the boundary, we will fix y, = (y; ; + y; ;-)/2 and
Ye = (¥ ju1 +Y;;)/2 and establish the x coordinates so that the points are on the boundary. This is eas-
ily done, since the equation for the boundary curve is known in the form (x — x,)> + (y — y,)> = 17,
where x,, y, are the coordinates of the center of the circle and r is the radius. We can separate the
integral around the boundaries of B into line integrals over the four component line segments, a—b,
b—c, c—d, d—a:

b
g;ﬁ q-nds = f (g:dy = q,dx) + q,,As,
S a

d a
+ f (q.dy - q,dx) + f (q.dy - q,dx) (3.110)
c d

where As,,. can be computed exactly in this case, making use of the known equation for a circle or
approximated by a straight-line segment between the fixed points as is done for the other boundaries
of the control volume. We now start at point a to evaluate the line integral (Equation 3.110) around
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the boundaries of control volume B in Figure 3.11. Along the boundary from a to b, the heat flux
components can be evaluated by Fourier’s law as

b
kf( aTdy+ade) k(aT) Ax k(aT) Ay
= D ab — D ab
ax dy dy i-1/4,j-1/2 ox i-1/4,j-1/2

a

where
Axab = xb - xa
Aoy = Y5 = Va

The values of d779y),_,, ;1> and 97/0x),_,,, ;,,» are approximately in the center of the region a’ b’
¢’ d’' denoted in Figure 3.11. It is assumed that these derivatives can be approximated by averages
overa b’ c' d.

(
aT) =L f —dydx
dy i~1/4,j-1/2 A

aT

) f 9T gyax
X/ s A

where A" denotes the area of the region a’ b’ ¢’ d'. Using Green’s theorem again, the integrals over
the area a’ b’ ¢’ d’ can be evaluated by line integrals around the boundary of a’ b’ ¢’ d". This allows
the heat flux across the a—b portion of the boundary of control volume B to be represented as

|
|

b
f(qxdy - dex)

Kl

\
= —A/LﬁdeAxab + ?Td)’A}’abJ
A’ A’

-k
= 7 [(7}-1/4,]‘-1A}Ca'h' + T, A0 + Tyyg [ Axpg + Tand'u’)Axuh

+ (Ti-l/4,j-1Aya'b' + T, Ayye + Ti—l/4,jAyc’d’ + TaAyd’a’)Ayab] (3.111)

Because Ay = 0 along path a—b, half of the terms on the right-hand side of Equation 3.111 vanish, so
that the expression simplifies to

j’f [(Ticsra 1 (Ao A + Ty (Ao A )+ (T A M) + T (Ao v )| 3u112)

We note that further simplifications would occur if Ax were zero along paths b'—¢’ and d'-a’ (i.e.,
the paths were parallel to the y axis). The temperatures required in Equation 3.112 must be obtained
by interpolation from values at nodal points. For this configuration, bilinear interpolation yields



piwstk|402064(1435561246

Basics of Discretization Methods 81

T, = 0~25(Ti,j +T o+ Ty + Ti-l,j)
1, = 0~5(Ti,_j +T: 1)
71,'_1/4,]- = O'ZSE—IJ + 075]:,]

T yjajo1 = 0-25Ti-1,j-1 + 0'75Ti,j—1

The area A’ can be approximated in several ways, one of which is by assuming thata’ b’ ¢’ d’ forms
a quadrilateral and computing its area as one-half the cross product of the diagonals of the quadrilat-
eral region:

A" =0.5(Ax g Ay e = Ay gy Ax )
where
Xor =050y o1 + X -1)
Xy = X i1

Xer = X j

Xg = 0.5(x,1; + %)

In this formulation, care must be exercised in order to obtain a positive value for the area. This can
be assured by employing the right-hand rule or by taking the absolute value of the cross product.
The y coordinates of points a’, b’, ¢, d’ are found by replacing x with y in the previous expressions.
The fluxes across control-volume boundaries c—d and d—a can be evaluated by extending the
methodology illustrated earlier for boundary a—b appropriately.

Although the irregular shape of the boundary volumes clearly adds significant complexity to the
solution procedure, the techniques needed to deal with this can be generalized and implemented
reasonably systematically and efficiently. On the other hand, it is correct to conclude that when the
boundaries of the domain of interest do not coincide with grid lines of an orthogonal coordinate
system and the boundary conditions are not Dirichlet, a major escalation in the effort required to
formulate the solution procedure seems to follow.

3.6.2 IRREGULAR MEsH NoT1 CAUSED BY SHAPE OF A BOUNDARY

Here we assume that the boundaries of the problem domain conform to grid lines in an orthogonal
coordinate system. The use of variable grid spacing may still be desirable in this situation because
it is often necessary to employ very small grid spacing in regions where gradients of the dependent
variables are especially large in order to obtain the desired accuracy or “resolution.” However, in
the interest of computational economy, we strive to use fewer grid points away from these critical
regions. This requires that the mesh spacing vary. We can cite at least two ways to proceed:

1. We can employ a coordinate transformation so that unequal spacing in the original coor-
dinate system becomes equal spacing in the new system but the PDE becomes altered
somewhat in form. This procedure is described in detail in Chapter 5.

2. The difference equation can be formulated in such a way that it remains valid when the
spacing is irregular (grid lines remain orthogonal, but the increments in each coordinate
direction vary instead of remaining constant). Actually, this is the same as procedure 3
used earlier in connection with the irregular mesh caused by curved boundaries. Such a
formulation for Laplace’s equation is given as Equation 3.109.
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3.6.3 CoNCLUDING REMARKS

The purpose of this section has been to introduce some of the problems and applicable solution
procedures associated with irregular boundaries and unequal mesh spacing in general. Coverage
of the topic has been by no means complete. More advanced considerations on this topic tend to
quickly become quite specialized and detailed. Good pedagogy suggests that we move on and see
more of the forest before we spend any more time studying this tree. Some ideas on this topic will
be developed further in Chapters 5 and 10 and in connection with specific example problems in fluid
mechanics and heat transfer.

3.7 STABILITY CONSIDERATIONS

A finite-difference approximation to a PDE may be consistent, but the solution will not necessarily
converge to the solution of the PDE. The Lax Equivalence theorem (see Section 3.3.5) states that a
stable numerical method must also be used. We will address the question of stability in this section.

The problem of stability in numerical analysis is similar to the problem of stability encountered
in a modern control system. The transfer function in a control system plays the role of the differ-
ence operator. Consider a marching problem in which initial values at time level n are known and
values of the unknown at time level n + 1 are required. The difference operator may be viewed as a
“black box” that has a certain transfer function. A schematic representation would appear, as shown
in Figure 3.12. The stability of such a system depends upon the operations performed by the black
box on the input data. A control systems engineer would require that the transfer function have no
poles in the right-half plane. Without this requirement, input signals would be falsely amplified, and
the output would be useless; in fact, it would grow without bound. Similarly, the way in which the
difference operator alters the input information to produce the solution at the next time level is the
central concern of stability analysis.

As a starting point for stability analysis, consider the simple explicit approximation to the heat
equation:

n+l

This may be solved for u}"" to yield

n+l

uj

=) + o (w20 +uly) (.113)

At
(Ax)’

Let the exact solution of this equation be denoted by D. This is the solution that would be obtained
using a computer with infinite accuracy. Similarly, denote by N the numerical solution of Equation
3.113 computed using a real machine with finite accuracy. If the analytical solution of the PDE
is A, then we may write

Discretization error = A — D

Round-off error = N - D

Input Output
Black box T —
Time level 7 Time level 5,41

FIGURE 3.12 Schematic diagram of stability.
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The question of stability of a numerical method examines the error growth while computations are
being performed. O’Brien et al. (1950) pose the question of stability in the following manner:

1. Does the overall error due to round-off

Grow instability
=> strong
Not grow stability

2. Does a single general round-off error

Grow instability
= weak
Not grow stability

The second question is the one most frequently answered because it can be treated much more easily
from a practical point of view. The question of weak stability is usually answered by using a Fourier
analysis. This method is also referred to as a von Neumann analysis. It is assumed that proof of
weak stability using this method implies strong stability.

3.7.1 FOURIER OR VON NEUMANN ANALYSIS

Consider the FDE, Equation 3.113. Let € represent the error in the numerical solution due to round-
off errors. The numerical solution actually computed may be written

N=D+¢ (3.114)

This computed numerical solution must satisfy the difference equation. Substituting Equation 3.114
into the difference equation, Equation 3.113, yields

+1 +1
D*' + ¢ - D} - ¢ OL/D]’-’+1 +€),=2D] -2e}+ D} +€})

At L Ax?

Since the exact solution D must satisfy the difference equation, the same is true of the error, that is,

E?H - 8? —a 8?4.] - 282 + 8?—] (3115)
At Ax

In this case, the exact solution D and the error € must both satisfy the same difference equation.
This means that the round-off error and the exact numerical solution both possess the same growth
property in time and either could be used to examine stability. Any perturbation of the input values
at the nth time level will either be prevented from growing without bound for a stable system or will
grow larger for an unstable system.

Consider a distribution of errors at any time in a mesh. We choose to view this distribution at
time ¢ = 0 for convenience. This error distribution is shown schematically in Figure 3.13. We assume
the error €(x, f) can be written as a series of the form

£(x,1) = E b, (t)e'n (3.116)
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g(x, 0)
”“\f”l\ ~
N~—-/

FIGURE 3.13 Initial error distribution.

where the period of the fundamental frequency (m = 1) is assumed to be 2L. For the interval 2L units
in length, the wave number may be written

ko= 2 002 M
2L

where M is the number of increments Ax units long contained in length L. For instance, if an
interval of length 2L is subdivided using five points, the value of M is 2, and the corresponding
frequencies are

k, m
I 2 2L
0=0 m=0
1
fi oL m=1
f—l m=2
2= =

The frequency measures the number of wavelengths in each 2L units of length. The lowest fre-
quency (m =0, f, = 0) corresponds to a steady term in the assumed expansion. The highest frequency
(m = M) has a wave number of /Ax and corresponds to the minimum number of points (three)
required to approximately represent a sine or cosine wave between 0 and 2.

Since the difference equation is linear, superposition may be used, and we may examine the
behavior of a single term of the series given in Equation 3.116. Consider the term

£,(x,1) = b, (1"
We seek solutions of the form
Zneikmx

which reduces to ¢ when ¢ = 0 (n = 0). Toward this end, let

i=e
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so that
Zn — eanAt _ eat
(3.117)
En(X,1) = "™
where k,, is real but @ may be complex.
If Equation 3.117 is substituted into Equation 3.115, we obtain
ea(t+At)eikmx _ eateikmx - r(eateikm(x+Ax) _ zeateik,,,x + eateik,,,(x—Ax))
where r = 0A#/(Ax)2. If we divide by e“e** and utilize the relation
iB -ip
et —e
cosf} =
b 2
the previous expression becomes
e =1+2r(cosp -1)
where = k,,Ax. Employing the trigonometric identity
sian _ 1-cosf
2 2
the final expression is
e =1-4r sinzg (3.118)

Furthermore, since 7' = ¢*“'¢; for each frequency present in the solution for the error, it is clear

that if le®| is less than or equal to 1, a general component of the error will not grow from one time
step to the next. This requires that

1 —4rsin2% <1 (3.119)

The factor 1 — 4rsin?B/2 (representing €7*'/€") is called the amplification factor and will be denoted
by G. Clearly, the influence of boundary conditions is not included in this analysis. In general, the
Fourier stability analysis assumes that we have imposed periodic boundary conditions.

In evaluating the inequality Equation 3.119, two possible cases must be considered:

1. Suppose (1 — 4r sin? 3/2) > 0, then 4r sin® 3/2 > 0.
2. Suppose (1 — 4rsin? B/2) < 0, then 4r sin? B/2 - 1 < 1.

The first condition is always satisfied if r > 0. The second inequality is satisfied only if » " 5. Thus,
the stability requirement for this method is 0" r" 1. This stability requirement places a constraint
on the size of the time step relative to the size of the mesh spacing. The reason for the physically
implausible temperatures calculated in the example at the end of Section 3.3.4 is now very clear.
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The step size At selected was too large by a factor of 2, and the solution began to diverge immediately.
The stability of the calculation with a(At/Ax*) = 1 can easily be verified. It should be noted that the

amplification factor given by Equation 3.118 could have been deduced by substituting a general form
given by Equation 3.116 into the difference equation. The proof is left as an exercise for the reader.

Example 3.4

The simple implicit scheme applied to the heat equation is given by

n+1 n
u;it —=uj a
J J n+1 n+1 n+1
= (u,-+1 =2ui" + u,-_1)

At (Ax)?

Determine the stability restrictions (if any) for this algorithm.

Solution
After substituting Equation 3.117 into this algorithm, we obtain

e (14 2r - 2rcosp) = 1

Using the trigonometric identity,

1-cosf
2

sin? B -
2

the amplification factor becomes

1
T 1+ 4rsin’B/2

The condition for stability |G| < 1 is satisfied for all r > 0. Hence, there is no upper limit on step
size because of stability. However, there is a practical limit on step size because of T.E.

The application of the von Neumann or Fourier stability method is equally straightforward for
hyperbolic equations. As an example, the first-order wave equation in one dimension is

ou, ou_
o T Cax (3.120)

where c is the wave speed. This equation has one characteristic given by a solution of dx/dt = c. The
solution of Equation 3.120 is given by

u(x — ct) = constant

This solution requires the initial data prescribed at = 0 to be propagated along the characteristics.
Lax (1954) proposed the following first-order method for solving equations of this form:

et Wi A (- G.121)
j 2 Al 2
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The first term on the right-hand side represents an average value of the unknown at the previous
time level, while the second term is the difference form of the spatial derivative.
We noted earlier that both the round-off error and the exact numerical solution possess the same

ot ikpx s

growth property in time and either could be used to examine stability. Since u = e™¢""" is an exact
solution of the first-order wave equation if o = —ik,, ¢, we can substitute

u;’l - ecmAteikmij

into the difference equation to determine the stability requirements for the Lax scheme. After mak-
ing this substitution, the amplification factor becomes

ur}+1

G=-"1—=¢" =cosp-ivsinf
u.

J

The stability requirement is |Gl < 1 or

|cosp —ivsinB| <1

where v = cAt/Ax is called the Courant number. Since the square of the absolute value of a complex
number is the sum of the squares of the real and imaginary parts, the method is stable if

Ivi<1 (3.122)

Again, a conditional stability requirement must be placed on the time step and the spatial mesh
spacing. This is called the Courant—Friedrichs—Lewy (CFL) condition and was discussed at length
relative to the concepts of convergence and stability in a historically important paper by Courant
et al. (1928). Some authorities consider this paper to be the starting point for the development of
modern numerical methods for PDEs.

The amplification factor or growth factor for a particular numerical method depends upon mesh
size and wave number or frequency. The amplification factor for the Lax finite-difference method
may be written

G = cosP —ivsinp = |G|e" = Jcos® B +v*sin’ B gl (vianp) (3.123)

where ¢ is the phase angle. The magnitude of G changes with Courant number v and frequency
parameter 3, which varies between 0 and . A good understanding of the amplification factor can
be obtained from a polar plot. Figure 3.14 is a plot of Equation 3.123 for several different Courant
numbers. Several interesting results can be deduced by a careful examination of this plot. The phase
angle for the Lax method varies from O for the low frequencies to —m for the high frequencies. This
may be seen by computing the phase angle for both cases. For a Courant number of 1, all frequency
components are propagated without attenuation in the mesh. For Courant numbers less than 1, the
low- and high-frequency components are only mildly altered, while the midrange frequency signal
content is severely attenuated. The phase angle is also shown, and we can determine the phase error
for any frequency from these curves.

A physical interpretation of the results provided by Equation 3.122 for hyperbolic equations is
important. Consider the second-order wave equation:

u, —c’u, =0 (3.124)
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1.0 \

0.9
0.8
0.7 —
v=0.75
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Amplitude, |G|?

0.3

02— v=025

0.1—
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Relative phase, -
b

FIGURE 3.14 Amplitude-phase plot for the amplification factor of the Lax scheme.

This equation has characteristics:

X + ¢t = constant = ¢

X —ct = constant = ¢,

A solution at a point (x, f) depends upon data contained between the characteristics that intersect
that point, as sketched in Figure 3.15. The analytic solution at (x, ) is influenced only by information
contained between ¢, and c,.

The numerical stability requirement for many explicit numerical methods for solving hyperbolic
PDE:s is the CFL condition, which, for the wave equation, is

At
c—l=1
Ax

This is the same as given in Equation 3.122 and may be written as

(qu 1
Ay 1
Ax c

(%, 1)

x—ct=cy xX+ct=cy

/ \ X

FIGURE 3.15 Characteristics of the second-order wave equation.
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The characteristic slopes are given by dt/dx = +1/c. The CFL condition requires that the analytic
domain of influence lie within the numerical domain of influence. The numerical domain may
include more than, but not less than, the analytical zone. Another interpretation is that the slope of
the lines connecting (j + 1, n) and (j, n + 1) must be smaller in absolute value (flatter) than the char-
acteristics. The CFL requirement makes sense from a physical point of view. One would also expect
the numerical solution to be degraded if too much unnecessary information is included by allowing
c(At/Ax) to become greatly different from unity. This is, in fact, what occurs numerically. The best
results for hyperbolic systems using the most common explicit methods are obtained with Courant
numbers near unity. This is consistent with our observations about attenuation associated with the
Lax method, as shown in Figure 3.14.

Before we begin our study of stability for systems of equations, an example demonstrating the
application of the von Neumann method to higher dimensional problems is in order.

Example 3.5
A solution of the 2-D heat equation

37u _ a’u o’u

=a—~+0—
at ax? gy’
is desired using the simple explicit scheme. What is the stability requirement for the method?

Solution
The FDE for this problem is

n+1 n n n n n n n
Uil =Ujx+r, (U/+1,k - 2uji + u/_1,k)+ ry (u/,m - 2uj + u,,k_1)

where
r, = a[At/(Ax)?]
r,= a[At/(Ay)?]

In this case, a 2-D Fourier component of the form

. ik
U;'],k — eatelkxxel %4

is assumed. If B; = k,Ax and B, = k,Ay, we obtain

e™ =1+ 2r,(cosp; = 1) + 2r,(cosB, - 1)
If the identity sin?(3/2) = (1 — cosP)/2 is used, the amplification factor is

G=1-4r, sin2&—4ry sinzﬁ
2 2

For stability, |1 - 4r,sin? (3,/2) — 4r,sin? (5,/2)| < 1, which is true only if (4r,sin? B,/2 + 4r, sin? ,/2) <2
for r, r, > 0. The stability requirement becomes (r, +1,) < + or aAt[1/(Ax)* +1/(Ay)*] < £. This is
similar to the analysis of the same method for the 1-D case but shows that the effective time step
in two dimensions is reduced. This example was easily completed, but in general, a stability analy-
sis in more than a single space dimension and time is difficult. Frequently, the stability must be
determined by computing the magnitude of the amplification factor for different values of r, and r,.
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3.7.2  STABILITY ANALYSIS FOR SYSTEMS OF EQUATIONS

The previous discussion illustrates how the von Neumann analysis can be used to evaluate stability
for a single equation. The basic idea used in this technique also provides a useful method of viewing
stability for systems of equations. Systems of equations encountered in fluid mechanics and heat
transfer can often be written in the form

IE + F =0 (3.125)
Jat  ox
where
E and F are vectors
F=F(E)

In general, this system of equations is nonlinear. In order to perform a linear stability analysis, we
rewrite the system as
IE [JF]OE _, (3.126)
ot oE | dx

or

BB
at 0x

where [A] is the Jacobian matrix [0F/0E]. We locally linearize the system by holding [A] constant

while the E vector is advanced through a single time step. A similar linearization is used for a single

nonlinear equation, permitting the application of the von Neumann method of the previous section.
For the sake of discussion, let us apply the Lax method to this system. The result is

E™! = ;([1] +Z[A]”)E’}_1 + ;([1] —Z[A]”) i (3.127)

where the notation is as previously defined and [/] is the identity matrix. The stability of the differ-
ence equation can again be evaluated by applying the Fourier or von Neumann method. If a typical
term of a Fourier series is substituted into Equation 3.127, the following expression is obtained:

e"'(k) = [G(At,k)le" (k) (3.128)

where the amplification matrix, [G], is given by

[G]= [I]cosﬁ—ig[A]sinB (3.129)

and e” represents the Fourier coefficients of the typical term. The amplification matrix is dependent
upon step size and frequency or wave number, that is, [G] = [G(At, k)]. For a stable finite-difference
calculation, the largest eigenvalue of [G], G,,,,, must obey

max?

[Omal =1 (3.130)
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This leads to the requirement that

At

}"maxi =1 3.131
Ay (3.13D)

where A, is the largest eigenvalue of the [A] matrix, that is, the Jacobian matrix of the system.
A simple example to demonstrate this is of value.

Example 3.6

Determine the stability requirement necessary for solving the system of first-order equations:

ou + ca—v =0
at ax
v + Ca—u =0
at 0x
using the Lax method.
Solution
In this problem,
u
v
and
IE + [A]a—E =0
at ox
where

Thus, the maximum eigenvalue of [A] is ¢, and the stability requirement is the usual CFL condition:

c—| =1

Ax

It should be noted that the stability analysis presented earlier does not include the effect of boundary
conditions even though a matrix notation for the system is used. The influence of boundary condi-
tions is easily included for systems of difference equations.

Equation 3.128 shows that the stability of a finite-difference operator is related to the amplifica-
tion matrix. We may also write Equation 3.128 as

e""(k) = [G(A,K)]"[e' (k)] (3.132)
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The stability condition (Richtmyer and Morton, 1967) requires that for some positive T, the matrices
[G(At, k)]" be uniformly bounded for

O<At<t

OsnAt<T

for all k, where T is the maximum time. This leads to the von Neumann necessary condition for
stability, which is

|o/(ALK)|<1+0(A1) O<Af<T (3.133)

for each eigenvalue and wave number, where o, represents the eigenvalues of [G(At, k)]. For a scalar
equation, Equation 3.133 reduces to

IGl<1+0(A?)

The stability requirement used in previous examples required that the maximum eigenvalue have a
modulus less than or equal to 1. Clearly, that requirement is more stringent than Equation 3.133. The
von Neumann necessary condition provides that local growth cAr can be acceptable and, in fact,
must be possible in many physical problems. The classical example illustrating this point is the heat
equation with a source term.

Example 3.7

Suppose we wish to solve the heat equation with a source term

using the simple explicit finite-difference method. Determine the stability requirement.

Solution

If a Fourier stability analysis is performed, the amplification factor is

G=1—4rsin2§+cAt

This shows that the solution of the difference equation may grow with time and still satisfy the von
Neumann necessary condition. Physical insight must be used when the stability of a finite-differ-
ence method is investigated. One must recognize that for hyperbolic systems, the strict condition
less than or equal to 1 should be used. Hyperbolic equations are wave-like and do not possess
solutions that increase exponentially with time.

We have investigated stability of various finite-difference methods by using the von Neumann
method. If the influence of boundary conditions on stability is desired, we must use the matrix method.
This is most easily demonstrated by applying the Lax method to solve the 1-D linear wave equation:

ad
—u+ca—u=0
at 0x
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Assume that an array of m points is used to solve this problem and that the boundary conditions
are periodic, that is,

Upyy = Uy (3.134)

If the Lax method is applied to this problem, a system of algebraic equations is generated that has
the form

! = [ X" (3.135)
where
u' =(ug,uy,... 11" (3.136)
and
B 1-v 1+v |
0 2 0 2
1+v 1-v
2 %2 0
1+v
0 2
[X] = (3.137)
0
1-v
2
1-v 1-v
== 0 R S )
2 2

The stability of the finite-difference calculation in Equation 3.135 is governed by the eigenvalue
structure of [X]. Since [X] was formed assuming periodic boundary conditions, only the three diag-
onals noted in Equation 3.137 and the two corner elements contribute to the calculation. This matrix
is called an aperiodic matrix.

For the following aperiodic matrix

*al a, 0 - - . aoﬁ
a, a, a, 0 . .0
0 a,
(3.138)
a
a 0 - . . a, %




94 Computational Fluid Mechanics and Heat Transfer

the eigenvalues are given by
. 2w
A;=a;+(ap+ az)cos2—n(j -D+i(ay - az)sm—n(] -1)
m m
In this case, a,, a,, and a, have the values

1+v 1-v
a1=0 a, = 2

ay =
and the eigenvalues are
}\j=cosz—n(j—1)+ivsin2—n(j—l) (3.139)
m m

The numerical method is thus stable if vl < 1, that is, if the CFL condition is satisfied. This shows
that an analysis based upon the matrix operator associated with the Lax method yields the same
stability requirement as previously derived for the simple wave equation. For periodic boundary
conditions, the Fourier and matrix method yield virtually identical results. Another example is
needed in order to demonstrate the effect of boundary conditions and the discreteness of the mesh.

Example 3.8

As in the previous example, assume that the Lax method is used to solve the first-order linear
wave equation. If a four-point mesh is used, special treatment is needed to enforce the boundary
conditions at the first and fourth points. For simplicity, we set u at the first point equal to a constant
value for all time, so the equation for the first point reads

1
ult =uf

Since we are computing a solution to the wave equation, the value of u, cannot be arbitrarily
chosen. It must be consistent with the way the solution is propagated. We elect to set

n+l _ o0
4 =

which determines the boundary value from the interior solution.

Solution
For the present boundary condition treatment, the [X] matrix becomes

1 0 0 0
T+v T-v
x]= ’ T+v ’ T-v
0 — 0
2 2
0 0 1 0
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The eigenvalues are easily computed and are

}\,1=1
}\,2=0
1
A3 = :E (T-v)3+v)

Using the requirement that |A| < 1 for stability, the restriction on v is not the usual CFL condition
but is

(8 -1)sv=(v8-1)

The CFL condition is altered by the boundary conditions in this example, as is normally the case.

It is clear that the boundary conditions on the mesh are included in the matrix method. This
means that the influence of boundary conditions on stability is automatically included if the matrix
analysis is used. Unfortunately, a closed-form solution for the eigenvalues is usually not available
for arbitrary boundary conditions.

The treatment of stability presented in this section has included the Fourier (von Neumann)
method and the matrix method of analysis. These two techniques are probably the most widely used
to determine the stability of numerical schemes. Other methods of analyzing stability have been
devised and are frequently very convenient to use. The works of Hirt (1968) and Warming and Hyett
(1974) are typical of these techniques. A more comprehensive mathematical analysis of stability
including many theorems and proofs is contained in the book by Richtmyer and Morton (1967).

PROBLEMS
3.1 Verify that

3 3

u Axu,«, ;
3) = 24 oA
ij

I
ax (Ax)?

3.2 Consider the function f(x) = ¢*. Using a mesh increment Ax = 0.1, determine f'(x) at x = 2 with
the forward-difference formula, Equation 3.26; the central-difference formula, Equation 3.28;
and the second-order three-point formula, Equation 3.29. Compare the results with the exact
value. Repeat the comparisons for Ax = 0.2. Have the order estimates for T.E.s been a reliable
guide? Discuss this point.

3.3 Verify whether or not the following difference representation for the continuity equation for a
2-D steady incompressible flow has the conservation property:

(W1, j + Uiy joy — Uy j = Uy j1) + Virj = Vi+1,/>1) _

2Ax Ay

0

where u and v are the x and y components of velocity, respectively.
3.4 Repeat Problem 3.3, for the following difference representation for the continuity equation:

(ui+],j _ui—l,j) + (Vi,j+l - Vi,j-l) _
2Ax 2Ay

0
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3.5 Consider the nonlinear equation

Ju 0%u

2

u
ox pLE)y

where L is a constant.
a. Is this equation in conservative form? If not, can you suggest a conservative form for the
equation?
b. Develop a finite-difference formulation for this equation using the integral approach.
3.6 Find the T.E. for the approximation to d’u/dxdy given by Equation 3.50 in Table 3.2.
3.7 Find the T.E. for the approximation to d*u/dx> given by Equation 3.40 in Table 3.1.
3.8 Find the T.E. for the approximation to d7/dy given by Equation 3.79 in Table 3.3.
3.9 Find the T.E. for the approximation to T given by Equation 3.80 in Table 3.3.
3.10 Verify the following finite-difference approximation in two dimensions at the point (i, j).
Assume Ax = Ay = h.

2 2
O U U Uy joy F Ui j + Uiy jog + Uiy g — Al 2
Tt s > +0(n7)
ax~  dy 2h

3.11 Develop a finite-difference approximation with T.E. of O(Ay) for d%u/dy* at point
(i, j) using u; ;, u; ;,,, u; ;; when the grid spacing is not uniform. Use the Taylor-series
method. Can you devise a three-point scheme with second-order accuracy with unequal
spacing? Before you draw your final conclusions, consider the use of compact implicit
representations.

3.12 Establish the T.E. of the following finite-difference approximation to du/dy at the point (i, j)
for a uniform mesh:

Ju =3+ A o — Ui jio
ay 2Ay

What is the order of the T.E.?
3.13 Investigate the T.E. of the following finite-difference approximation for a uniform mesh:

ou) 1 O

ax)l.’j T 2h1+8%/6

3.14 Utilize Taylor-series expansions about the point (n+ %, j) to determine the T.E. of the Crank—
Nicolson representation of the heat equation, Equation 3.71a. Compare these results with the
T.E. obtained from Taylor-series expansions about point n, j.

3.15 Develop a finite-difference approximation with T.E. of O(Ay)? for d7/dy at point (i, j) using T;
T, ;.- and T, ;,, when the grid spacing is not uniform.

3.16 Determine the T.E. of the following finite-difference approximation for du/dx at point (i, j)
when the grid spacing is not uniform:

J?

‘L”) oty = (A B Y up = [ (Ax A ) T,
ox/. .
i.j

) Ax_(Ax,/Ax_) +Ax,
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3.17 Determine the T.E. for the following difference representation:

2
0%u\ L Uivrj U T U U

@)U = (Ax)?
where
x =iAx
y =JjAy

Is the representation consistent? Explain.

3.18 In a finite-difference calculation, the pressure has been determined at interior points on a uniform
grid (see Figure P3.1). Develop a procedure with T.E. of O(Ay)? to obtain the pressure at the wall in
terms of pressures at neighboring interior grid points. Show your work.

3.19 Determine the T.E. for the following representation for du/dy); ; on a grid for which Ax and Ay
are both constant and x = iAx and y = jAy. Is the representation consistent? Explain.

% _ 2Ui,j+1 —Ujy1j — Uiy
dy y 2Ay

3.20 Suppose that a finite-difference solution has been obtained for the temperature 7, near but not
at an adiabatic boundary (i.e., d7/dy = 0 at the boundary) (Figure P3.2). In most instances, it
would be necessary or desirable to evaluate the temperature at the boundary point itself. For
this case of an adiabatic boundary, develop expressions for the temperature at the boundary 7;,
in terms of temperatures at neighboring points 75, T, etc., by assuming that the temperature
distribution in the neighborhood of the boundary is
a. A straight line
b. A second-degree polynomial
c. A cubic polynomial (you only need to indicate how you would derive this one)

Indicate the order of the T.E. in each of the previous approximations used to evaluate 7;.

3.21 Determine the T.E. for the following representation for du/dx),; on a grid for which both Ax

and Ay are constant and x = iAx and y = jAy. Is the representation consistent? Explain.

%) Ui jp1 U — 2141‘-1,,‘
ax),, 2Ax

Ay

FIGURE P3.1
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T, Ay = Constant

s T,

Ty
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Adiabatic boundary

FIGURE P3.2

3.22 Consider a steady-state conduction problem governed by Laplace’s equation with convective
boundary conditions (see Figure P3.3). The formal statement of the boundary condition is
~koT/9y),,, = h(T, - T..), which can be readily cast into finite-difference form as —k[(T, — T..)/
Ay] + O(Ay) = h(T, — T.,). Use the control-volume approach to develop an expression for the
boundary condition at point 0. Evaluate the T.E. in this expression assuming that Laplace’s
equation applies at the boundary point.

3.23 a. Assume that the y dependency of u can be expressed by a second-degree polynomial. Use

the method of polynomial fitting to obtain a discrete representation for du/dy), ; using u; ,
U; 1> U; j4o- The spacing between grid points is constant. Show your work.

b. Establish the T.E. in the representation of part (a) using the Taylor-series method. Show your
work.

3.24 In a finite-difference calculation, the x component of velocity, u, has been determined at inte-
rior points. The wall value was specified as zero by the boundary conditions. It is now neces-
sary to determine du/dy at the wall so that the drag can be determined. Propose a procedure
with T.E. O(Ay)? to determine du/dy at the wall in terms of u at the wall and at neighboring
interior points. Show your work.

3.25 Consider a heat conduction problem governed by 0770z = ou(0>T/dx?). Develop a finite-difference
representation for this equation by the control-volume approach. Do not assume that the grid is
uniform.

3.26 For 2-D steady-state conduction in a solid, apply the control-volume method to derive an
appropriate difference expression for the boundary temperature in control volume B in Figure
3.7 for adiabatic wall boundary conditions.

3.27 Solve the 1-D heat equation using forward-time centered-space differences with o(At/Ax*) = I
Let the grid consist of five points, including three interior and two boundary points. Assume
a constant unity wall temperature and a zero initial temperature on the interior. Complete this
calculation for 10 integration steps. Compare your results with those obtained in the example
of Section 3.3.4.

3.28 Refer to Figure 3.11. Following the methodology illustrated in the text material associated
with Figure 3.11, develop an appropriate finite-volume expression for the heat flux across the
boundary from c to d.

o0?

Y
Ax=Ay

FIGURE P3.3
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3.29 Refer to Figure 3.11 and the associated text material. In an example in Section 3.6, an expres-
sion was developed for the heat flux across boundary a—b for control volume B (Equation
3.112). Following a similar methodology, develop an appropriate finite-volume expression for
the heat flow into volume B across the boundary from d to a. If the difference scheme is to
be conservative, this heat flow should be equal in magnitude but opposite in direction to the
inflow computed for volume A across boundary d—a. Check to see if this is true.

3.30 Show that the amplification factor derived for the finite-difference solution of the heat equa-
tion, Equation 3.113, could be obtained by direct substitution of a solution of the form

+00
n § : nikyx
uj = Cmgm
—%

In this form, C,, represents the Fourier coefficients of the initial error distribution, and g,, is the
amplification factor. Identify g, with Equation 3.118. Discuss the convergence of the solution
and relate your conclusions to the Lax equivalence theorem.

3.31 Use a von Neumann stability analysis to show for the wave equation that a simple explicit
Euler predictor using central differencing in space is unstable. The difference equation is

n+l n At (ul"'l J 1\
J J Ax 2

Now show that the same difference method is stable when written as the implicit formula:

n+l n

S Aﬁ ( ’47:11 - M \
j j Ax k J
3.32 The DuFort—Frankel method for solving the heat equation requires solution of the difference
equation:

n+l n-1

I R
2A1 (Ax)

u

n+l n-1

n
2(/+1 uj  —uj +u,_1)

Develop the stability requirements necessary for the solution of this equation.
3.33 An explicit scheme for solving the heat equation is given by

n+l n-1 20.At n
Mj = M/ +—F (Ax) (

Wy~ 2 +uly) (Ar>0)

Apply the Fourier stability analysis to this scheme, and determine the stability restrictions,
if any.

3.34 Prove that the CFL condition is the stability requirement when the Lax—Wendroff method is
applied to solve the simple 1-D wave equation. The difference equation is of the form

g cAt( n {,_1)+ ¢’ (At)?

J I T o Ax Ujpr —Uj 2(Av)? (,+1 2uf +u )
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3.35 An implicit scheme for solving the heat equation is given by

n+l n O'At

1 2
n+l n+l n+l n n n
E(Mj_,_] —2uj +Mj_] )+§(I/lj+1 —2Mj +L{j_|)

Apply the Fourier stability analysis to this scheme, and determine the stability restrictions,
if any.
3.36 An explicit scheme for solving the first-order wave equation is given by

;:1+1 _ un CAI( n n )

uj =uj- Uj —tj

Apply the Fourier stability analysis to this scheme, and determine the stability restrictions,
if any.
3.37 An implicit scheme for solving the first-order wave equation is given by

n+l _ n_CAt n+l _ n+l
up =uj———\Ujs1 —U;

Apply the Fourier stability analysis to this scheme, and determine the stability restrictions,
if any.
3.38 A finite-difference method applied to the wave equation results in the following scheme:

Y%
n+l n n+l n n+l n
i = uj —*(ujq,] +uj+1 —uj_l _uj—l)

Investigate the stability of the scheme.
3.39 The leap frog method for solving the 1-D wave equation is given by
n+l n- n n
-y b T

2At 2Ax

u

-0

Apply the Fourier stability analysis to this method, and determine the stability restrictions,

if any.
3.40 Determine the stability requirement necessary to solve the 1-D heat equation with a source
term:
ou a’u
—=a_— +ku
ot ax

Use the central-space, forward-time difference method. Does the von Neumann necessary
condition, Equation 3.133, make physical sense for this type of computational problem?

3.41 Use the matrix method to determine the stability of the Lax method used to solve the first-
order wave equation on a mesh with two interior points and two boundary points. Assume the
boundaries are held at constant values ue; = 1, uy; = 0.

3.42 Use the matrix method and evaluate the stability of the numerical method used in Problem 3.27
for the heat equation using a five-point mesh. How many frequencies must one be concerned
with in this case?
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n+l

3.43 In attempting to solve a simple PDE, a system of FDEs of the form u}"" = [A]u} has evolved,

where
1+v v 0
[A]=] O 1+v v
-V 0 1+v

Investigate the stability of this scheme.
3.44 The application of a finite-difference scheme to the heat equation on a three-point grid results
in the following system of equations:

wj" =[Alu]
where
1 0 0
[Al=|r 1-2r r
0 0 1

and r = 0A#/(Ax)>. Determine the stability of this scheme.
3.45 The upstream scheme

n+l n n n

—_ = Ui
et u
At Ax

is used to solve the wave equation on a four-point grid for the boundary conditions

1
w=1 uyt" =u

and the initial conditions (n = 1)

1
120

=1 w=uy=uy=0

Use the matrix method to determine the stability restrictions for this method.






4 Application of Numerical
Methods to Selected
Model Equations

In this chapter, we examine in detail various numerical schemes that can be used to solve simple
model partial differential equations (PDEs). These model equations include the first-order wave
equation, the heat equation, Laplace’s equation, and Burgers’ equation. These equations are called
model equations because they can be used to “model” the behavior of more complicated PDEs.
For example, the heat equation can serve as a model equation for other parabolic PDEs such as the
boundary-layer equations. All of the present model equations have exact solutions for certain bound-
ary and initial conditions. We can use this knowledge to quickly evaluate and compare numerical
methods that we might wish to apply to more complicated PDEs. The various methods discussed in
this chapter were selected because they illustrate the basic properties of numerical algorithms. Each
of the methods exhibits certain distinctive features that are characteristic of a class of methods.
Some of these features may not be desirable, but the method is included anyway for pedagogical
reasons. Other very useful methods have been omitted because they are similar to those that are
included. Space does not permit a discussion of all possible methods that could be used.

4.1 WAVE EQUATION

The one-dimensional (1-D) wave equation is a second-order hyperbolic PDE given by
—=C @.1)

This equation governs the propagation of sound waves traveling at a wave speed ¢ in a uniform
medium. A first-order equation that has properties similar to those of Equation 4.1 is given by

o, ou_

+c 0 c>0 4.2)
Jt ox

Note that Equation 4.1 can be obtained from Equation 4.2. We will use Equation 4.2 as our model
equation and refer to it as the first-order 1-D wave equation or simply the “wave equation.” This
linear hyperbolic equation describes a wave propagating in the x direction with a velocity ¢, and it
can be used to “model” in a rudimentary fashion the nonlinear equations governing inviscid flow.
Although we will refer to Equation 4.2 as the wave equation, the reader is cautioned to be aware of
the fact that Equation 4.1 is the classical wave equation. More appropriately, Equation 4.2 is often
called the 1-D linear convection equation.

The exact solution of the wave equation (Equation 4.2) for the pure initial value problem with
initial data

u(x,0) = F(x) —00 < X <™ “4.3)

103
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is given by

u(x,t) = F(x-ct) 4.4)
Let us now examine some schemes that could be used to solve the wave equation.

4.1.1 Eurer ExpLicit METHODS

The following simple explicit one-step methods

n+l n n

n
—Uu; Ui —U;
J J +c J+ J

At Ax

u

=0 c>0 “4.5)

n+l n n n
oy ufa - ug
J J +c J J

At 2Ax

u

=0 (4.6)

have truncation errors (T.E.s) of O[A¢, Ax] and O[At, (Ax)?], respectively. We refer to these schemes
as being first-order accurate, since the lowest-order term in the T.E. is first order, that is, Ar and
Ax for Equation 4.5 and At for Equation 4.6. These schemes are explicit since only one unknown
u}’” appears in each equation. Unfortunately, when the von Neumann stability analysis is applied
to these schemes, we find that they are unconditionally unstable. These simple schemes, therefore,
prove to be worthless in solving the wave equation. Let us now proceed to look at methods that have
more utility.

4.1.2 UpstREAM (FiIrsT-ORDER UPWIND OR WINDWARD) DIFFERENCING METHOD

The simple Euler method, Equation 4.5, can be made stable by replacing the forward space differ-
ence by a backward space difference, provided that the wave speed c is positive. If the wave speed is
negative, a forward difference must be used to assure stability. This point is discussed further at the
end of the present section. For a positive wave speed, the following algorithm results:

n+l1 n n n
R R R S R PN @7
At Ax

u

This is a first-order accurate method with T.E. of O[Az, Ax]. The von Neumann stability analysis
shows that this method is stable, provided that

0<svsl “.3)

where v = cAt/Ax.
Let us substitute Taylor-series expansions into Equation 4.7 for u
tion results:

n+l

7" and uj_;. The following equa-

(], Ar)? Ar)? .
At{[uj +Atu,+( 2) u,,+( 6) u,,,+-~-}—uj}

2 3
+c{u}‘—[u}‘—Axux+(Ax) um—(m) um+~~”=0 4.9
Ax 2 6
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Equation 4.9 simplifies to

2 2
U, +cu, = —%u,, +ﬂum CY Uy —C (Ax) Uper + - 4.10)

Note that the left-hand side of this equation corresponds to the wave equation and the right-hand
side is the T.E., which is generally not zero. The significance of terms in the T.E. can be more easily
interpreted if the time-derivative terms are replaced by spatial derivatives. In order to replace u,,
by a spatial-derivative term, we take the partial derivative of Equation 4.10 with respect to time to
obtain

2 2
Uy +Ccy, = _%um + %umt - (A6t) Uy — C (A;C) Uy +0° “.11)

and take the partial derivative of Equation 4.10 with respect to x and multiply by —c:

2 2 2 2
—Cly — Czuxx = Lmurtx - ¢ Ax Usrx + C(At) Uy + € (AX) Uspex +°°° (412)
2 2 6 6
Adding Equations 4.11 and 4.12 gives
2
uy =, + At( U %u + O[At]) + Ax(gum - %um + O[Ax]) 4.13)

In a similar manner, we can obtain the following expressions for u,,, u,,, and u,,,:

Uy = —Cu,, +O[At, Ax]
Uy = —Clgy, + O[ AL, Ax] @.14)
Upy = —Cly, + O[ AL, Ax]

Combining Equations 4.10, 4.13, and 4.14 leaves

2
- % V2 = 3v+ Dy,

U, +cu, = %(1 = VU,
+ O[(Ax)*,(Ax)* At, Ax(A1)?, (A1)’] @.15)

An equation, such as Equation 4.15, is called a modified equation (Warming and Hyett, 1974). It can
be thought of as the PDE that is actually solved (if sufficient boundary conditions were available)
when a finite-difference method is applied to a PDE. It is important to emphasize that the equation
obtained after substitution of the Taylor-series expansions, that is, Equation 4.10, must be used to
eliminate the higher-order time derivatives rather than the original PDE, Equation 4.2. This is due
to the fact that a solution of the original PDE does not in general satisfy the difference equation, and
since the modified equation represents the difference equation, it is obvious that the original PDE
should not be used to eliminate the time derivatives.
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The process of eliminating time derivatives can be greatly simplified if a table is constructed (see
Table 4.1). The coefficients of each term in Equation 4.10 are placed in the first row of the table. Note
that all terms have been moved to the left-hand side of the equation. The u,, term is then eliminated
by multiplying Equation 4.10 by the operator

At 9

2 ot

and adding the result to the first row, that is, Equation 4.10. This introduces the term —(cA#/2)u
which is eliminated by multiplying Equation 4.10 by the operator

x>

cbr o
2 ox

and adding the result to the first two rows of the table. This procedure is continued until the
desired time derivatives are eliminated. Each coefficient in the modified equation is then obtained
by simply adding the coefficients in the corresponding column of the table. The algebra required
to derive the modified equation can be programmed on a digital computer using an algebraic
manipulation code.

The right-hand side of the modified equation (Equation 4.15) is the T.E., since it represents the
difference between the original PDE and the finite-difference approximation to it. Consequently,
the lowest-order term on the right-hand side of the modified equation gives the order of the method.
In the present case, the method is first-order accurate, since the lowest-order term is O[Af, Ax]. It is
often possible to obtain higher-order accuracy if certain conditions are met. For example, if v = 1,
the right-hand side of the modified equation becomes zero, and the wave equation is solved exactly.
In this case, the upstream differencing scheme reduces to

n+l _ n

Uy =uj,

which is equivalent to solving the wave equation exactly using the method of characteristics. Finite-
difference algorithms that exhibit this behavior are said to satisfy the shift condition (Kutler and
Lomax, 1971).

The lowest-order term of the T.E. in the present case contains the partial derivative u,,, which
makes this term similar to the viscous term in 1-D fluid flow equations. For example, the viscous
term in the 1-D Navier—Stokes equation (see Chapter 5) may be written as

0 4
. 4.16
0x () 3 wit (4.16)

if a constant coefficient of viscosity is assumed. Thus, when v # 1, the upstream differencing
scheme introduces an artificial viscosity into the solution. This is often called implicit artificial
viscosity, as opposed to explicit artificial viscosity, which is purposely added to a difference scheme.
Artificial viscosity tends to reduce all gradients in the solution whether physically correct or numer-
ically induced. This effect, which is the direct result of even derivative terms in the T.E., is called
dissipation.

Another quasi-physical effect of numerical schemes is called dispersion. This is the direct
result of the odd derivative terms that appear in the T.E. As a result of dispersion, phase rela-
tions between various waves are distorted. The combined effect of dissipation and dispersion is
sometimes referred to as diffusion. Diffusion tends to spread out sharp dividing lines that may
appear in the computational region. Figure 4.1 illustrates the effects of dissipation and dispersion
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(@) (b) (©

FIGURE 4.1 Effects of dissipation and dispersion: (a) exact solution, (b) numerical solution distorted
primarily by dissipation errors (typical of first-order methods), and (c) numerical solution distorted primarily
by dispersion errors (typical of second-order methods).

on the computation of a discontinuity. In general, if the lowest-order term in the T.E. contains an
even derivative, the resulting solution will predominantly exhibit dissipative errors. On the other
hand, if the leading term is an odd derivative, the resulting solution will predominantly exhibit
dispersive errors.

In Chapter 3, we discussed a technique for finding the relative errors in both amplitude (dissipa-
tion) and phase (dispersion) from the amplification factor. At this point, it seems natural to ask if the
amplification factor is related to the modified equation. The answer is definitely yes! Warming and
Hyett (1974) have developed a “heuristic” stability theory based on the even derivative terms in the
modified equation and have determined the phase shift error by examining the odd derivative terms.
However, the analysis of Warming and Hyett has been shown by Chang (1987) to be restricted to
schemes involving only two time levels (n, n + 1). Before showing the correspondence between the
modified equation and the amplification factor, let us first examine the amplification factor of the
present upstream differencing scheme:

G=(0-v+vcosB)—i(vsinf) 4.17)
The modulus of this amplification factor,
G| = [A-v+veosp)’ + (-vsinp)’ ]”2

is plotted in Figure 4.2 for several values of v. It is clear from this plot that v must be less than or
equal to 1 if the von Neumann stability condition ‘G‘ < 11is to be met.

The amplification factor, Equation 4.17, can also be expressed in the exponential form for a
complex number:

eiq’

G=|G

Unit circle

1.50 1.00 0.50 0.00 0.50 1.00
|G|

FIGURE 4.2 Amplification factor modulus for upstream differencing scheme.
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where ¢ is the phase angle given by

o= tan”! [Im(G)] _ tan! ( —vsinf )
Re(G) 1-v+vcosf

The phase angle for the exact solution of the wave equation (¢,) is determined in a similar manner
once the amplification factor of the exact solution is known. In order to find the exact amplification
factor, we substitute the elemental solution

at ikyx

u=e e

into the wave equation and find that a = —ik,,c, which gives

U= eikm(x—ct)
The exact amplification factor is then
u(t + Ar) eikm[x—c(HAt)]
e = u(r) = ik (x=e)

which reduces to

G. = o-knedt _ ite
e

where

O, = —k,,cAt = —pv

and

-1

G.

Thus the total dissipation (amplitude) error that accrues from applying the upstream differencing
method to the wave equation for N steps is given by

(1-[61")as

where A, is the initial amplitude of the wave. Likewise, the total dispersion (phase) error can be
expressed as N(¢, — 0). The relative phase shift error after one time step is given by

¢ tan”[(=vsinp)/(1-v+veosp)] “.18)

q)e _|3V

and is plotted in Figure 4.3 for several values of v. For small wave numbers (i.e., small ), the relative
phase error reduces to

isl—é(2v2—3v+l)ﬁ2 4.19)
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Unit circle

P/,

FIGURE 4.3 Relative phase error of upstream differencing scheme.

If the relative phase error exceeds 1 for a given value of 3, the corresponding Fourier component of
the numerical solution has a wave speed greater than the exact solution, and this is a leading phase
error. If the relative phase error is less than 1, the wave speed of the numerical solution is less than
the exact wave speed, and this is a lagging phase error. The upstream differencing scheme has a
leading phase error for 0.5 < v < 1 and a lagging phase error for v < 0.5.

Example 4.1

Suppose the upstream differencing scheme is used to solve the wave equation (c = 0.75) with the
initial condition

u(x,0) =sin(ermx) O0=sx=<1

and periodic boundary conditions. Determine the amplitude and phase errors after 10 steps if
At = 0.02 and Ax = 0.02.

Solution

In this problem, a unique value of B can be determined because the exact solution of the wave
equation (for the present initial condition) is represented by a single term of a Fourier series. Since
the amplification factor is also determined using a single term of a Fourier series that satisfies the
wave equation, the frequency of the exact solution is identical to the frequency associated with
the amplification factor, that is, f,, = k,,/2n. Thus the wave number for the present problem is given
by (see Section 3.7.1)

and B can be calculated as

B = knAx = (6m)(0.02) = 0.12x

Using the Courant number,

_cAt_ (0.75)(0.02)

=—= =0.75
Ax (0.02)
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the modulus of the amplification factor becomes

Gl = [1-v+vcosp + (-vsin[3)2]”2 - 0.986745

and the resulting amplitude error after 10 steps is
(1-161") 4 = (1- 1G] ) = 1-0.8751= 0.1249

The phase angle (¢) after one step,

—-vsinf
T-v+vcosp

¢= tan”[ ] =-0.28359

can be compared with the exact phase angle (¢,) after one step,
b = —Pv = -0.28274
to give the phase error after 10 steps:
10(¢e — ¢) = 0.0084465

Let us now compare the exact and numerical solutions after 10 steps where the time is
t=10At=0.2
The exact solution is given by

Ue(x,0.2) = sin[6m(x — 0.15)]

and the numerical solution that results after applying the upstream differencing scheme for
10 steps is

u(x,0.2) = (0.8751sin[6m(x — 0.15) — 0.0084465]

In order to show the correspondence between the amplification factor and the modified equation,
we write the modified equation (Equation 4.15) in the following form:

hod 2n 2n+1
U, +Clt, = 2 (czn O Co ") 4.20)
4 0x X

where C,, and C,,,, represent the coefficients of the even and odd spatial-derivative terms, respectively.
Warming and Hyett (1974) have shown that a necessary condition for stability is

(-D""'Cy >0 @21
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where C,, represents the coefficient of the lowest-order even derivative term. This is analogous to
the requirement that the coefficient of viscosity in viscous flow equations be greater than zero. In
Equation 4.15, the coefficient of the lowest-order even derivative term is

Q=%ﬂpw .22)

and therefore the stability condition becomes
Ax
67(1 -1)>0 4.23)

or v < 1, which was obtained earlier from the amplification factor. It should be remembered that
the “heuristic” stability analysis, that is, Equation 4.21, can only provide a necessary condition for
stability. Thus, for some finite-difference algorithms, only partial information about the complete
stability bound is obtained, and for others (such as algorithms for the heat equation), a more com-
plete theory must be employed.

Warming and Hyett have also shown that the relative phase error for difference schemes applied
to the wave equation is given by

0

¢=v12@me%n 4.24)
0 <2

where k,, = B/Ax is the wave number. For small wave numbers, we need only retain the lowest-order
term. For the upstream differencing scheme, we find that

O L (BN T )
o, 1 C( D(Ax) C=1 6(Zv 3v+1)B (4.25a)

which is identical to Equation 4.19. Thus we have demonstrated that the amplification factor and the
modified equation are directly related.

The upstream method given by Equation 4.7 may be written in a more general form to account for
either positive or negative wave speeds. The method is normally written separately for these two cases as

At
u}'+l=u;'—c—(u;’—u;7_l) c>0
Ax
At
uj =uj—cE(u;’+]—u;‘) c<0

However, if we make use of the following definitions,

.1
6—2@+w0

6=%@—w0
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the upstream scheme may be written as the single expression

R T TR ) e URREY AT @255

It is interesting to note that this form of the upstream scheme gives the impression that it is a centered
method. We recognize the first difference term as a central-difference approximation and interpret the
last term as an artificial viscosity term. The function of this last term is to add the appropriate
dissipation to produce the upstream scheme when c is either positive or negative.

4.1.3 Lax MetHOD

The Euler method, Equation 4.6, can be made stable by replacing u} with the averaged term
( Wi +ui 1)/ 2. The resulting algorithm is the well-known Lax method (Lax, 1954), which was
presented earlier:

T (u;‘+1 + u}'_l)/z e (M;'u - ”7—1) -0 (4.26)
At 2Ax

This explicit one-step scheme is first-order accurate with T.E. of O[Af, (Ax)*>/At] and is stable if vl < 1.
The modified equation is given by

ch( 1 _v) u“c(Ax) (=it +-- 4.27)

U, +cuy, =——
2 \v 3

Note that this method is not uniformly consistent since (Ax)?/At may not approach zero in the
limit as Ar and Ax go to zero. However, if v is held constant as At and Ax approach zero, the
method is consistent. The Lax method is known for its large dissipation error when v # 1.
This large dissipation is readily apparent when we compare the coefficient of the u , term in
Equation 4.27 with the same coefficient in the modified equation of the upstream differenc-
ing scheme for various values of v. The large dissipation can also be observed in the ampli-
fication factor

G = cosf —ivsinf 4.28)

which is described in Section 3.7.1. The modulus of the amplification factor is plotted in Figure 4.4a.
The relative phase error is given by

¢ _ tan”'(-vtanp)

q)e _BV

which produces a leading phase error, as seen in Figure 4.4b.
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(@) G| (b) P/

FIGURE 4.4 Lax method: (a) amplification factor modulus and (b) relative phase error.

4.1.4 EuLer ImpLICIT METHOD

The algorithms discussed previously for the wave equation have all been explicit. The following
implicit scheme

c
g E(u;’ﬂ ~ut) =0 (4.29)
is first-order accurate with T.E. of O[Af, (Ax)*] and, according to a Fourier stability analysis, is
unconditionally stable for all time steps. However, a system of algebraic equations must be solved
at each new time level. To illustrate this, let us rewrite Equation 4.29 so that the unknowns at time
level (n + 1) appear on the left-hand side of the equation and the known quantity u; appears on the
right-hand side. This gives

1% v

Eu;’ﬂ +(DHu! —Eu;'fll =uf 4.30)
or
auit +du + b}t = C; @.31)
where
aj==
2
d;=1
C; =]

Consider the computational mesh shown in Figure 4.5, which contains M + 2 grid points in
the x direction and known initial conditions at n = 0. Along the left boundary, uj*' has a fixed
value of u,. Along the right boundary, u};); can be computed as part of the solution using
characteristic theory. For example, if v = 1, then u};}, = u};. Applying Equation 4.31 to the grid
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FIGURE 4.5 Computational mesh.

shown in Figure 4.5, we find that the following system of M linear algebraic equations must
be solved at each (n + 1) time level:

[A] [u] (€]
_dl a, 0 . . . . 0 ] _Miﬁl_ B Cl B
b, d, a, . uj*! C,
by dy a,
- . 4.32)
0
by Ay Gy M:/;rl Cara
L 0 0 bM dm _MX/FI i L CM
In Equation 4.32, C, and C,, are given by

C,=u —bul™ 433)

Cy = ujy — aujly
where ug*' and uj};}, are the known boundary conditions.

Matrix [A] in Equation 4.32 is a tridiagonal matrix. A technique for rapidly solving a tridiagonal
system of linear algebraic equations is due to Thomas (1949) and is called the Thomas algorithm.
In this algorithm, the system of equations is first put into upper triangular form by replacing the
diagonal elements d; with

b.
—7jaj_| j=2,3,...,M

and the G with

b.
C,-—-C,_, j=23,...M
J d'—l -t J

J
The unknowns are then computed using back substitution starting with

n+l CM
uM =
dy
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FIGURE 4.6 Euler implicit method: (a) amplification factor modulus and (b) relative phase error.

and continuing with

C.—-a ,u'.“’l
n+l 1 .
it =L j=M-1M-2,..,1
d;

Further details of the Thomas algorithm are given in Section 4.3.3.

In general, implicit schemes require more computation time per time step but, of course, permit
a larger time step, since they are usually unconditionally stable. However, the solution may become
meaningless if too large a time step is taken. This is due to the fact that a large time step produces
large T.E.s. The modified equation for the Euler implicit scheme is

U +cu, = (%cz(At)um) - [éc(Ax)2 + %c3(At)2 Uy + - @.34)

which does not satisfy the shift condition. The amplification factor

_ 1-ivsinf @.35)
1+v°sin” B
and the relative phase error
—1 .
% _ tan (-vsinf) @.36)

q)e —ﬁV

are plotted in Figure 4.6. The Euler implicit scheme is very dissipative for intermediate wave numbers
and has a large lagging phase error for high wave numbers.

4.1.5 Leap FROG METHOD

The numerical schemes presented so far in this chapter for solving the linear wave equation are all
first-order accurate. In most cases, first-order schemes are not used to solve PDEs because of their
inherent inaccuracy. The leap frog method is the simplest second-order accurate method. When
applied to the first-order wave equation, this explicit one-step three-time-level scheme becomes

n+l _
J

n-1 n n
u; Uiy —U;_
J +c J+ J

2At 2Ax

“ -0 @.37)
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FIGURE 4.7 Leap frog method: (a) amplification factor modulus and (b) relative phase error.

The leap frog method is referred to as a three-time-level scheme, since u must be known at time
levels n and n — 1 in order to find « at time level n + 1. This method has a T.E. of O[(A?)?, (Ax)?] and
is stable whenever vl < 1. The modified equation is given by

c(Ax)*

0 (V" =10V + Dty + -+ 4.38)

v* =Du,, -

U, +cu, =

c(Ax)?
6

The leading term in the T.E. contains the odd derivative u,,,, and hence the solution will pre-
dominantly exhibit dispersive errors. This is typical of second-order accurate methods. In this case,
however, there are no even derivative terms in the modified equation, so that the solution will not
contain any dissipation error. As a consequence, the leap frog algorithm is neutrally stable, and
errors caused by improper boundary conditions or computer round-off will not be damped (assum-
ing periodic boundary conditions and Ivl < 1). The amplification factor

G = =(1-v%in’B)"* —ivsinp 4.39)
and the relative phase error

tan™' [—v sinf/ = (1- vzsinzﬁ)”z]

—Bv

9 _ (4.40)
.

are plotted in Figure 4.7.

The leap frog method, while being second-order accurate with no dissipation error, does have
its disadvantages. First, initial conditions must be specified at two-time levels. This difficulty can
be circumvented by using a two-time-level scheme for the first time step. A second disadvantage
is due to the “leap frog” nature of the differencing (i.e., u}*' does not depend on u}), so that two
independent solutions develop as the calculation proceeds. And finally, the leap frog method may
require additional computer storage because it is a three-time-level scheme. The required com-
puter storage is reduced considerably if a simple overwriting procedure is employed, whereby u} -

. . 1
is overwritten by uj".

4.1.6 LAX—WENDROFF METHOD

The Lax—Wendroff finite-difference scheme (Lax and Wendroff, 1960) can be derived from a
Taylor-series expansion in the following manner:

Wit = uj + Atu, + %(Atﬁu,, +O0[(Ar)’] (4.41)
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Using the wave equations

U, = —Cl,
4.42)
U, = czux,C
Equation 4.41 may be written as
1
u;-”l =uj —cAtu, + ECZ(AZ)ZMXX +O[(Ar)*] (4.43)

And finally, if u, and u,, are replaced by second-order accurate central-difference expressions, the
well-known Lax—Wendroff scheme is obtained:

. B Wi 0.0 [
uj 1 _ uj —E(um —uj,l)+m(uj+1 - 2u; +uj,1) “4.44)

This explicit one-step scheme is second-order accurate with a T.E. of O[(Ax)?, (Ar)?] and is stable
whenever vl < 1. The modified equation for this method is

1=vHu,, V(L= v+ 4.45)

c(Ax)’ c(Ax)y’
U +Cci, = — -
6 8

The amplification factor
G =1-v*(1-cosp)—ivsinp (4.46)

and the relative phase error

o _ tan™' {—vsin B/L-vi(1- Cosﬁ)} 4.47)

q)e _ﬁv

are plotted in Figure 4.8. The Lax—Wendroff scheme has a predominantly lagging phase error except
for large wave numbers with /0.5 <v <1.

I
1.00 0.00 1.00
(@) |G| (b) /e

FIGURE 4.8 Lax-Wendroff method: (a) amplification factor modulus and (b) relative phase error.



Application of Numerical Methods to Selected Model Equations 119

4.1.7 Two-Step LAX—-WENDROFF METHOD

For nonlinear equations such as the inviscid flow equations, a two-step variation of the original
Lax—Wendroff method can be used. When applied to the wave equation, this explicit two-step
three-time-level method becomes

Step 1:
n+1/2 n n n n
Uje1/2 —(Mj+1 +Uu; )/2 ST 4.48)
At/2 Ax
Step 2:
i i (4.49)
At Ax

This scheme is second-order accurate with a T.E. of O[(Ax)?, (Af)?] and is stable whenever vl < 1.
Step 1 is the Lax method applied at the midpoint j + 1 for a half time step, and Step 2 is the leap
frog method for the remaining half time step. When applied to the linear wave equation, the
two-step Lax—Wendroff scheme is equivalent to the original Lax—Wendroff scheme. This can
be readily shown by substituting Equation 4.48 into Equation 4.49. Since the two schemes are
equivalent, it follows that the modified equation and the amplification factor are the same for the
two methods.

4.1.8 MAaAcCoRMACK METHOD

The MacCormack method (MacCormack, 1969) is a widely used scheme for solving fluid flow
equations. It is a variation of the two-step Lax—Wendroff scheme that removes the necessity of
computing unknowns at the grid points j+ 4 and j — 1. Because of this feature, the MacCormack
method is particularly useful when solving nonlinear PDEs, as is shown in Section 4.4.3. When
applied to the linear wave equation, this explicit, predictor—corrector method becomes

Predictor:
i At
n+l n n n
uit = uj —CE(L{J-H—MI-) 4.50)
Corrector:
1 o AN o aa
n+l n n+l n+l n+l
uj =2[uj +Uj —CE(MJ- —ujl)] 4.51)
The term u;’j is a temporary “predicted” value of u at the time level n + 1. The corrector equa-

tion provides the final value of u at the time level n + 1. Note that in the predictor equation, a
forward difference is used for du/dx, while in the corrector equation, a backward difference is
used. This differencing can be reversed, and in some problems, it is advantageous to do so. This
is particularly true for problems involving moving discontinuities. For the present linear wave
equation, the MacCormack scheme is equivalent to the original Lax—Wendroff scheme. Hence
the T.E., stability limit, modified equation, and amplification factor are identical with those of the
Lax—Wendroff scheme.
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4.1.9 SecoNnD-ORrDER UPWIND METHOD

The second-order upwind method (Warming and Beam, 1975) is a variation of the MacCormack
method, which uses backward (upwind) differences in both the predictor and corrector steps for ¢ > O:

Predictor:
wel _ o CATO
uj = uj —E(uj _uj—l) (4’52)
Corrector:
wet _ L[ A Cm) A,
U; ' 2[14] +Mj I—E(uj 1_uj—ll)_E(uj —214]'_1 +u./‘2):| (453)

The addition of the second backward difference in Equation 4.53 makes this scheme second-order
accurate with T.E. of O[(A?)?, (Af)(Ax), (Ax)?]. If Equation 4.52 is substituted into Equation 4.53, the
following one-step algorithm is obtained:

n+l

it =u} - v(u}’ —uj ) + %v(v - 1)(u;‘ —2u} | + u;‘_z) 4.54)

The modified equation for this scheme is

2 4
()2 =Vt -

. on, V- V(2 = Vit + - 4.55)

U, +cu, =

The second-order upwind method satisfies the shift condition for both v =1 and v = 2. The amplification
factor is

G=1- 2v(v+ 2(1-v)sin? %) sinzg—ivsinﬁ(l +2(1-v)sin? %) (4.56)

and the resulting stability condition becomes 0 < v < 2. The modulus of the amplification factor and
the relative phase error are plotted in Figure 4.9. The second-order upwind method has a predomi-
nantly leading phase error for 0 < v < I and a predominantly lagging phase error for 1 <v <2. We
observe that the second-order upwind method and the Lax—Wendroff method have opposite phase
errors for 0 < v < 1. This suggests that a considerable reduction in dispersive error would occur if
a linear combination of the two methods was used. Fromm’s method of zero-average phase error
(Fromm, 1968) is based on this observation.

v=1.25and 0.75
2.00 and 1.00
1.50 and 0.50
1.75 and 0.25
| I |
1.00 0.00 1.00 2.00 1.00 0.00 1.00
(a) |G| (b) /¢

FIGURE 4.9 Second-order upwind method: (a) amplification factor modulus and (b) relative phase error.
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4.1.10 TiMe-CeNTERED IMpLICIT METHOD (TRAPEZOIDAL DIFFERENCING METHOD)

A second-order accurate implicit scheme can be obtained if the two Taylor-series expansions

o BN C.Y) NN ¢.Y) LU
u; - u; + At(u,)] + ( 2) (I/l")j + ( 6) (um i + -
4.57)
n n+ n+ At ’ n+ At } n+
) = = art ™+ B0 G - B
2 6
are subtracted and (u,,);f+1 is replaced with
(“zt);“l = (un)? + At(um)? +e
The resulting expression becomes
n+ n At n n+
Wit = u +7[(u,) + () l]j +O[(A1)*] (4.58)
The time differencing in this equation is known as trapezoidal differencing or Crank—Nicolson
differencing. Upon substituting the linear wave equation u, = —cu,, we obtain
n+ n cAt n n+
ujt = uj —7[(ux) +(u,) ‘]j +O[(A1)’] 4.59)

And finally, if the u, terms are replaced by second-order central differences, the time-centered
implicit method results:

n+l n Vo nel n n+l n
Uu; =U; —Z(uj+1 +uj+1 —uj_l —uj_l) (4.60)

This method has second-order accuracy with T.E. of O[(Ax)?, (A7)?] and is unconditionally stable for
all time steps. However, a tridiagonal matrix must be solved at each new time level. The modified
equation for this scheme is

3
U +cu, = - [C (e + ey } Uy
12 6 |
4 3 2 2 4 4
i [C(IAZB) N (At;4(Ax) LC (8%t) }um e @.61)

Note that the modified equation contains no even derivative terms, so that the scheme has no implicit
artificial viscosity. When this scheme is applied to the nonlinear fluid dynamic equations, it often
becomes necessary to add some explicit artificial viscosity to prevent the solution from “blowing up.”
The addition of explicit artificial viscosity (i.e., “smoothing” term) to this scheme will be discussed in
Section 4.4.7. The modulus of the amplification factor,

G- 1-(@iv/2)sinp

= ; ; 4.62)
1+ (iv/2)sinf3

and the relative phase error are plotted in Figure 4.10.
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FIGURE 4.10 Time-centered implicit method: (a) amplification factor modulus and (b) relative phase error.

The time-centered implicit method can be made fourth-order accurate in space if the implicit
difference approximation given by Equation 3.31 is used for u,:

(), !
(W), = ( ; Ax) gt O “.63)

The modified equation and phase error diagram for the resulting scheme can be found in the work
by Beam and Warming (1976).

4.1.11 RusaNov (BURSTEIN—MIRIN) METHOD

The methods presented thus far for solving the wave equation have either been first-order or sec-
ond-order accurate. Only a small number of third-order methods have appeared in the literature.
Rusanov (1970) and Burstein and Mirin (1970) simultaneously developed the following explicit
three-step method:

Step 1:
1 1
@) n n n n
Ui = E(”ﬁl Tt ) - gv(”‘jﬂ U )
Step 2:
. 2
W = ul - 5v(u;ljl/z - uﬁl_)l/z)
Step 3:
n+l n 1 n n n n
i =uj—a'\/(—zuj“,z+7uj+1—7uj_1+21/£j_2)
3
3 v(uﬁ)l - u;?_)l)
UJ n n n n n
—a(ujﬂ —4Mj+1 +6uj —4I/lj_1 +uj_2) (4'64)

Step 3 contains the fourth-order difference term

4. n n n n n n 4
6Xuj = Mj+2 —4uj+1 +6uj —414]'_1 +uj_2 = (A)C) Uy
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which is multiplied by a free parameter ®. This term has been added to make the scheme stable. The
need for this term is apparent when we examine the stability requirements for the scheme:

M =1
W -vtsw=3 (4.65)

If the fourth-order difference term was not present (i.e., ® = 0), we could not satisfy Equation 4.65
for 0 < v < 1. The modified equation for this method is

3
u +cu, =— c(ax) (9—4v+v3) U
24 v
4
+ "’(éz) (=50 + 4+ 15V7 = dv* it + - (4.66)

In order to reduce the dissipation of this scheme, we can make the coefficient of the fourth derivative
equal to zero by letting

o = 4v’ —v* 4.67)

In a like manner, we can reduce the dispersive error by setting the coefficient of the fifth derivative
to zero, which gives

oo GV HDE-V)

4.68
5 (4.68)
The amplification factor for the Rusanov method is
’ 20 . . 2 ,
G=1-"sin? B- 29 in' B_ ivsinf |1+ = (1-v*)sin’ B (4.69)
2 3 2 3 2

The modulus of the amplification factor and the relative phase error are plotted in Figure 4.11. This
figure shows that the Rusanov method has a leading or a lagging phase error, depending on the value
of the free parameter .

v=0.50,w = 1.5
v=1.00, w = 3.0

v=0.25 0 =05

v=0.75 w=2.5
v=1.00, ® = 3.0

(@) |Gl (b) O/

FIGURE 4.11 Rusanov method: (a) amplification factor modulus and (b) relative phase error.
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4.1.12 WARMING-KUTLER—LOMAX METHOD

Warming et al. (1973) developed a third-order method that uses MacCormack method for the first
two steps and has the same third step as the Rusanov method. This so-called Warming—Kutler—
Lomax (WKL) method is given by

Step 1:
n 2 n n
uj = uj _§V(“j+l _”j)
Step 2:
[, 2
ul? = 5 uf +ul — gv(uﬁl) - uﬁ«l_)l)}
Step 3:

1
n+l _ oon n n n n
Uiy =1Uu; 24V(—2uj+2+7uj+1—7uj_1+2uj_2)

3 2 2
-gv(uﬁﬁl _u§_>1)

w

_ a(u}ﬂ,g —4uf, +6u; —4ui | + u;‘_z) @.70a)

This method has the same stability bounds as the Rusanov method. In addition, the modified equa-
tion is identical to Equation 4.66 for the present linear wave equation. The WKL method has the
same advantage over the Rusanov method that the MacCormack method has over the two-step
Lax—Wendroff method.

4.1.13 RuNGe—-KuttA METHODS

Runge—Kutta methods are frequently employed to solve ordinary differential equations (ODEs).
They can also be applied to solve PDEs (Lomax et al., 1970; Jameson et al., 1981). In fact, several
of the methods described previously in this section can be derived using Runge—Kutta methodol-
ogy. The first step in this process is to convert the PDE into a “pseudo-ODE.” This is accomplished
by separating out a partial derivative with respect to a single independent variable in the marching
direction and placing the remaining partial derivatives into a term that is a function of the dependent
variable. For example, the linear wave equation can be written as

u, = R(u) (4.70b)

where R(u) = —cu,. This pseudo-ODE is a time-continuous equation, and any integration
scheme applicable to ODEs, including Runge—Kutta methods, may be used. Once the time
differencing is completed, the partial derivatives contained in R(x) can be differenced using
appropriate spatial differences. To illustrate this approach, let us apply the second-order
Runge—Kutta method, also referred to as the improved Euler method (Carnahan et al., 1969),
to Equation 4.70b, which gives
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Step 1:
u =u" + AtR"
Step 2:
u™ ="+ H(R” +R"Y)
2
where

R" = RW") = —cu;
The term R in Step 2 can be evaluated by making use of Step 1 in the following manner:
R = _ey»
= —C(c,’j + AtRQ)
= —cu" +*Atu”,
Substituting this expression for R" into Step 2 yields

n+l

ut =yt +%(—2cu;’ + czAtuﬁx)

If second-order accurate central differences are then used to approximate the spatial derivatives, the
resulting scheme becomes

n+ n cAt n n Cz(At)z n n n
Uj; 1_ Uj —E(Mjﬂ —Mj_1)+ Z(A_x)z (Mj+1 —214] +l/lj_1)

which is the second-order accurate Lax—Wendroff scheme, Equation 4.44.

Procedures and equations for obtaining nth-order Runge—Kutta methods can be found in the
works by Carnahan et al. (1969), Luther (1966), and Yu et al. (1992). A fourth-order Runge—Kutta
method, attributed to Kutta, is given by

Step 1:
u® =u" + ER”
2
Step 2:
u® =u"+ ﬁR(l)
Step 3:

u® =u" + AtR?
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Step 4:
ut = u" + %(R” +2RM +2R® 4+ R®)

where R = —cu!’ for the linear wave equation. If second-order accurate spatial differences are
inserted into this algorithm, the resulting scheme will have a T.E. of O[(A?*, (Ax)?]. In order to obtain
higher-order spatial accuracy, it is convenient to employ compact difference schemes (Yu et al.,
1992) with the Runge—Kutta time stepping.

4.1.14 ApbpITIONAL COMMENTS

The improved accuracy of higher-order methods is at the expense of added computer time and
additional complexity. These factors must be considered carefully when choosing a scheme to solve
a PDE. Second-order accurate methods provide enough accuracy for many practical problems.
However, it is advantageous to use higher-order methods in many applications especially where
resolution of wave systems is desired. Some acoustics problems and electromagnetic applications
fit in this category.

For the 1-D linear wave equation, the second-order accurate explicit schemes such as the Lax—
Wendroff scheme give excellent results with a minimum of computational effort. An implicit scheme
may not be the optimum choice in this case because the solution is unsteady and intermediate results
are typically desired at relatively small time intervals.

4.2 HEAT EQUATION

The 1-D heat equation (diffusion equation),

9 0*
a—”t‘ - aaTLZt @71

is a parabolic PDE. In its present form, it is the governing equation for heat conduction or diffu-
sion in a 1-D isotropic medium. It can be used to “model” in a rudimentary fashion the parabolic
boundary-layer equations. The exact solution of the heat equation for the initial condition

u(x,0) = f(x)

and boundary conditions

u(0,t) =u(L,t)=0

is
u(x,1) = 2 Ae ¥ sin (k) @.72)
where

1
A, =2 f F(x)sin (kx) dx
0

and k = nm. Let us now examine some of the more important finite-difference algorithms that can
be used to solve the heat equation.
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4.2.1 SimpLe ExpLicit METHOD

The following explicit one-step method,

n+l n n n n
T —uf Ui =2u; +ui_
fAtf=a“(f)2” 4.73)

u

is first-order accurate with T.E. of O[Af, (Ax)’]. At steady state, the accuracy is O[(Ax)?]. As we have
shown earlier, this scheme is stable whenever

1

0" r" — 4.74
rs @.74)
where
— @75)
(Ax)
The modified equation is given by
2
U, — Ol = BEPRIVIRCL)) Uy
12
+ loz3(At)2 - ic>L2At(A)c)2 + Loc(Ax)4 u 4o 4.76)
3 12 360 A '

We note that if r = %, the T.E. becomes O[(A?)?, (Ax)*]. It is also interesting to note that no odd
derivative terms appear in the T.E. As a consequence, this scheme, as well as almost all other
schemes for the heat equation, has no dispersive error. This fact can also be ascertained by examin-
ing the amplification factor for this scheme:

G =1+2r(cosp-1) @.77)

which has no imaginary part and hence no phase shift. The amplification factor is plotted in
Figure 4.12 for two values of r and is compared with the exact amplification factor of the solution.
The exact amplification (decay) factor is obtained by substituting the elemental solution

2. .
U= e—o.k,,ltezkmx
into
_u(t+Ar) u™!
¢ u(t) u"

which gives

G, = et 478)
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FIGURE 4.12 Amplification factor for simple explicit method.
or
a2
Ge=e™ @.79)

where B = k,Ax. Hence the amplitude of the exact solution decreases by the factor e during one
time step, assuming no boundary condition influence.

In Figure 4.12, we observe that the simple explicit method is highly dissipative for large values
of B when r = J. As expected, the amplification factor is in closer agreement with the exact decay
factor when r = {.

The present simple explicit scheme marches the solution outward from the initial data line
in much the same manner as the explicit schemes of the previous section. This is illustrated
in Figure 4.13. In this figure, we see that the unknown u can be calculated at point P without
any knowledge of the boundary conditions along AB and CD. We know, however, that point P
should depend on the boundary conditions along AB and CD, since the parabolic heat equa-
tion has the characteristic ¢ = constant. From this, we conclude that the present explicit scheme
(with a finite A7) does not properly model the physical behavior of the parabolic PDE. It would

~

/
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7 -
; =
/ -
; At P -

B ax oy b
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e J U =
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7 wlemeIeI 2
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XL NP Z /4 7/,
Initial data
line

FIGURE 4.13 Zone of influence of simple explicit scheme.
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appear that an implicit method would be the more appropriate method for solving a parabolic
PDE, since an implicit method normally assimilates information from all grid points located
on or below the characteristic # = constant. On the other hand, explicit schemes seem to provide
a more natural finite-difference approximation for hyperbolic PDEs that possess limited zones
of influence.

Example 4.2

Suppose the simple explicit method is used to solve the heat equation (o. = 0.05) with the initial
condition

u(x,0) =sin(2nx) O0=sx=<1

and periodic boundary conditions. Determine the amplitude error after 10 steps if At = 0.1 and
Ax =0.1.

Solution

A unique value of B can be determined in this problem for the same reason that was given in
Example 4.1. Thus the value of B becomes

B = knAx = (2m)(0.1) = 0.2%

After computing r,

L aAt _ (0.05)(0.1) 05
(Ax)? (0.1)?

the amplification factor for the simple explicit method is given by

G =1+ 2r(cosp -1 =0.809017
while the exact amplification factor becomes
Ge = e =0.820869

As a result, the amplitude error is

Ao

Gl - G”’\ =(1)(0.1389-0.1201) = 0.0188

Using Equation 4.72, the exact solution after 10 steps (t = 1.0) is given by
U(x, 1) = e~ *** sin(27x) = 0.1389 sin(2mx)

which can be compared to the numerical solution

u(x,1) =0.1201 sin(27mtx)
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4.2.2 RICHARDSON’S METHOD

Richardson (1910) proposed the following explicit one-step three-time-level scheme for solving the
heat equation:

k ul =2u’ +ul
! 2Atj = o2 (ij)z /- (4.80)

This scheme is second-order accurate with T.E. of O[(Af)?, (Ax)*]. Unfortunately, this method proves
to be unconditionally unstable and cannot be used to solve the heat equation. It is presented here for
historic purposes only.

4.2.3 SimpLe IMpLICIT (LAASONEN) METHOD

A simple implicit scheme for the heat equation was proposed by Laasonen (1949). The algorithm
for this scheme is

n+l n n+l n+l n+l
Uy —Uu; =al/lj+1 —ZMJ‘ 2+Mj_] (481)
At (Ax)
If we make use of the central-difference operator
2 n 7
Ouf = ujy —2uf +uj_
we can rewrite Equation 4.81 in the simpler form:
ur}+l —u" 62u{1+1
! A L-a (xAx])z 4.82)
t

This scheme has first-order accuracy with a T.E. of O[At, (Ax)?] and is unconditionally stable. Upon
examining Equation 4.82, it is apparent that a tridiagonal system of linear algebraic equations must
be solved at each time level n +1.

The modified equation for this scheme is

2
lonzAt+ (Ax) U
2 12

U, — Oty =

L, 15 2 1 4
—o (At — o At(Ax ——o(Ax oo o
+ |0 (Ar) T (Ax) +3600t( AN [ZM— (4.83)

3

It is interesting to observe that in this modified equation, the terms in the coefficient of u ,, are of
the same sign, whereas they are of opposite sign in the modified equation for the simple explicit
scheme, Equation 4.76. This observation can explain why the simple explicit scheme is generally
more accurate than the simple implicit scheme when used within the appropriate stability limits.

The amplification factor for the simple implicit scheme,
G =[1+2r(1-cosp)]™ 4.84)

is plotted in Figure 4.14 for r = J and is compared with the exact decay factor.
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-o- Simple implicit
y= 1 J - Crank-Nicolson
1.00¢ S 2 | -0 DuFort—Frankel
0.50 |-
O
0.00 |—
-0.50 |-
-1.00 | B
0.00 0.50 1.00 1.50 2.00 2.50 3.00

B
FIGURE 4.14 Amplification factors for several methods.

4.2.4 CrANK=NICOLSON METHOD
Crank and Nicolson (1947) used the following implicit algorithm to solve the heat equation:

Wy S 6§2u}-”1 (4.85)
At 2(Ax)

This unconditionally stable algorithm has become very well known and is referred to as the Crank—
Nicolson scheme. This scheme makes use of trapezoidal differencing to achieve second-order accu-
racy with a T.E. of O[(A7)?, (Ax)?]. Once again, a tridiagonal system of linear algebraic equations
must be solved at each time level n + 1. The modified equation for the Crank—Nicolson method is

1

2
- “(IA;) U + éa3(AI)2+%a(M)4 U + (4.86)

U, — Olldyy

The amplification factor

G- 1-r(l-cosf)

1+ r(1-cosf) @87

is plotted in Figure 4.14 for r = 1.

4.2.5 CoMmBINED METHOD A
The simple explicit, the simple implicit, and the Crank—Nicolson methods are special cases of a

general algorithm given by

uit —ul . 005" +(1-0)d%u]
At (Ax)?

(4.88)
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where 6 is a constant (0 < 0 < 1). The simple explicit method corresponds to 6 = 0, the simple
implicit method corresponds to © = 1, and the Crank—Nicolson method corresponds to 6 = 1/2.
This combined method has first-order accuracy with T.E. of O[Az, (Ax)?] except for special
cases such as

Case 1: 0 = % (Crank—Nicolson method) T.E. = O[(Af)?, (Ax)?]

2
Case2: 0= 1 - A g _ O[(A1)?, (Ax)*]
2 120t
2 2
Case 3: 0 = 1_(A9 and Ao _ V20 T.E. = O[(Ar)*, (Ax)®]
2 120At oAt

The T.E.s of these special cases can be obtained by examining the modified equation

2
U, — o, = (6 - 1) oAt + (Ax) U
2 12

1 1 1 1
0> -0+—|a’(Ar)? 7(6——) ZAH(AX)? + —— 0(AX)* | U + -+ (4.89
+[( +3)a< P (0-) QMM 4 A0 [+ (459)

The present combined method is unconditionally stable if 7 < 6 < 1. However, when 0 < 6 < 1, the
method is stable only if

4.90)

4.2.6 ComBINED METHOD B

Richtmyer and Morton (1967) present the following general algorithm for a three-time-level implicit
scheme:

n+l n n n-1 2. n+l

uit —uf ui —uj 7%

1+6)-2 L —aq=
At

J 0 5
At (Ax)

4.91)

This general algorithm has first-order accuracy with T.E. of O[At, (Ax)?] except for special cases:
1
Case 1: 0 = 5 T.E. = O[(At)*, (Ax)*]

2
Case2: 0 = l+ (Ax)

_ 2 4
RETTYY T.E. = O[(At)", (Ax)"]

which can be verified by examining the modified equation

1 1
U, — Ol = [—(9-2) azAt+12a(Ax)2]uW+~--
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4.2.7 DuUFORT-FRANKEL METHOD

The unstable Richardson’s method (Equation 4.80) can be made stable by replacing u; with the

time-averaged expression (u;‘” + u;"l ) / 2. The resulting explicit three-time-level scheme,

n+l n-1 n n+l n-1 n
up Tu_GMmTu — “2.7' tUj 4.92)
2At (Ax)

was first proposed by DuFort and Frankel (1953). Note that Equation 4.92 can be rewritten as

W1+ 2r) =ui " + 2"(“74 —u 4 “771) “93)

so that only one unknown, u}”l, appears in the scheme, and therefore it is explicit. The T.E. for the
DuFort-Frankel method is O[(A7)?, (Ax)?, (At/Ax)?]. Consequently, if this method is to be consistent,
then (A#/Ax)> must approach zero as Ar and Ax approach zero. As pointed out in Chapter 3, if At/Ax
approaches a constant value 7, instead of zero, the DuFort—Frankel scheme is consistent with the
hyperbolic equation

ou , 0u _ a*u

ot ot ox?

If we let r remain constant as Az and Ax approach zero, the term (Af/Ax)?> becomes formally a first-
order term of O(Af). The modified equation is given by

2
U, — O, = [1 o(Ax)* — o (At)2 ] U
12 (Ax)
1 4 _l 3 2 s (An)?
+ [360 o(Ax) 3 o’ (A" +2a (A }umm

The amplification factor

G- 2rcosP = /1-4rsin’p

1+2r

is plotted in Figure 4.14 for » = 1/2. The explicit DuFort—Frankel scheme has the unusual property
of being unconditionally stable for r > 0. In passing, we note that the DuFort—Frankel method can
be extended to two and three dimensions without any unexpected penalties. The scheme remains
unconditionally stable.

4.2.8 KeLLEr Box AND MoDIFIED Box METHODS

The Keller box method (Keller, 1970) for parabolic PDEs is an implicit scheme with second-order
accuracy in both space and time. This formulation allows for the spatial and temporal steps to vary
without causing deterioration in the formal second-order accuracy. The scheme differs from others
considered thus far, in that second and higher derivatives are replaced by first derivatives through
the introduction of additional variables as discussed in Section 2.5. Thus a system of first-order
equations results. For the 1-D heat equation,

ou 0’u

=qQ
ot ox?
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we can define
u
v=—
0x

so that the second-order heat equation can be written as a system of two first-order equations:

u

2%y

0x

u av
2 o
ot ax

Now we endeavor to approximate these equations using only central differences, making use of the
four points at the corners of a “box” about (n +1,j- %) (see Figure 4.15). The resulting difference
equations are

W T el @5
Ax; "
I/t;-ljll/z - u;—l/2 _ o (V}Hllz - V;l:r'l/z) (4.94b)
Atn+l ij

where the difference molecules are shown in Figures 4.16 and 4.17. Variables with subscript or
superscript 1 are defined as averages, for example,

n+l n+l
! _u tui
j-1/2 =
2
n n+l
}'.l+1/2 vj+vj
J
2
.n n+1
x ‘T—J . .
Ax

FIGURE 4.15 Grid for box scheme.

L
X
N

FIGURE 4.16 Difference molecule for evaluation of vj'-’fll,2.
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FIGURE 4.17 Difference molecule for Equation 4.94b.

After substituting the averaged expressions into Equations 4.94a and 4.94b, the new difference
equations become

n+l n+l n+l n+l
u; —Ujy _ Vj + Vi1 (4 953)
un+1 + un+1 Vn+1 Vn+1 un + un Vn vn
j j—1 i T Vj-1 j j—1 j — V-1
! = =a- =L (4.95b)
Atn+l AXJ Atn+1 A.x]

n+l n+l

The unknowns (#""', v"*") in the previous equations are located at grid points j and j — 1. However,
when boundary conditions are included, the unknowns may also occur at grid point j + 1. Thus the
algebraic system resulting from the Keller box scheme for the general point can be represented in
matrix form as

[BIF}% +[DIF;" +[AJF}} = C

where

F =[u,v]"

[B], [D], and [A] are 2 x 2 matrices
C is a two-component vector

When the entire system of equations for a given problem is assembled and boundary conditions are
taken into account, the algebraic problem can be expressed in the general form [M]x = ¢, where
the “elements” of the coefficient matrix [M] are now 2 x 2 matrices, and each “component” of the
column vectors becomes the two components of F}'” and C}, associated with point j. This system
of equations is a block tridiagonal system and can be solved with the general block tridiagonal
algorithm given in Appendix B or with a special-purpose algorithm specialized to take advantage
of zeros that may be present in the coefficient matrices. The block algorithm actually proceeds with
the same operations as for the scalar tridiagonal algorithm with matrix and matrix-vector multipli-
cations replacing scalar operations. When division by a matrix would be indicated by this analogy,
premultiplication by the inverse of the matrix is carried out.

The work required to solve the algebraic system resulting from the box-difference stencil can be
reduced by combining the difference representations at two adjacent grid points to eliminate one
variable. This system can then be solved with the simple scalar Thomas algorithm. This revision of
the box method, which simplifies the final algebraic formulation, will be referred to as the modified
box method.
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Modified box method: The strategy in the development of the modified box method is to express
the v’s in terms of u’s. The term v}’fll can be eliminated from Equation 4.95b by a simple substitu-
tion using Equation 4.95a. Similarly, v_; can be eliminated through substitution by evaluating

Equation 4.95a at time level n. This gives

n+l n+l n+l n+l n+l n n
u; +U;_ i u; —uj_y u; +u;_

J J =20 J 20 J ; J J
At Ax; (Ax;) At

n n n

Vi U —u;_y
+200 = 200——"~ (4.96a)
Ax; (Ax;)

n+l

To eliminate v;™" and v}, Equations 4.95a and 4.95b can first be rewritten with the j index advanced
by 1 and combined. The result is

n+l n+l
wii vt 2av)! 20‘(%41 —uj ) ul +ul
- 2
Al‘n+l ij+] (ij+l) Al‘n+l
=20’ uig —u’
+ L4201 (4.96b)
ij+1 (ij+1)

n+l

The terms v;™ and v} can then be eliminated by multiplying Equation 4.96a by Ax; and Equation
4.96b by Ax;,, and adding the two products. The result can be written in the tridiagonal format

n+l n+l n+l

where
Ax; 2o Ax; 20 Ax; Ax; 200 20
= Aj=7f”-7 Dj=—’+—’”+—+
Altn+1 ij Al‘n+1 ij+1 Atn+1 Atn+1 ij ij+1
C;=20-"" L 420" +(u7+u;'_1)—’+(u;'+1+u7)7’”
Ax‘+l Al‘n+1

J Atn+1

The previous equations can be simplified somewhat if the spacing in the x direction is uniform.
Even then, a few more algebraic operations per time step are required than for the Crank—
Nicolson scheme, which is also second-order accurate for a uniformly spaced mesh. A concep-
tual advantage of schemes based on the box-difference molecule is that formal second-order
accuracy is achieved even when the mesh is nonuniform. The Crank—Nicolson scheme can be
extended to cases of nonuniform grid spacing by representing the second derivative term as
indicated for Laplace’s equation in Equation 3.109. Formally, the T.E. for that representation is
reduced to first order for arbitrary grid spacing. Blottner (1974) has shown that if the variable
grid spacing used is one that could be established through a coordinate stretching transfor-
mation, then the Crank—Nicolson scheme is also second-order accurate for that variable grid
arrangement.
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4.2.9 MEeTHODS FOR THE Two-DIMENSIONAL HEAT EQUATION

The two-dimensional (2-D) heat equation is given by

u _ / ’u ')
La— T} 4.97)

Since this PDE is different from the 1-D equation, caution must be exercised when attempting to
apply the previous finite-difference methods to this equation. The following two examples illustrate
some of the difficulties. If we apply the simple explicit method to the 2-D heat equation, the following
algorithm results:

il [ =20l g = 2uf (4.98)
At (Ax)’ (A)’)
where
X =iAx
y=JjAy
As shown in Chapter 3, the stability condition is
a At [ >+ 12} < l
(A" (Ay)y" ]| 2
If (Ax)> = (Ay), the stability condition reduces to r " L, which is twice as restrictive as the 1-D

//1

constraint r and makes this method even more unpractlcal
When we apply the Crank—Nicolson scheme to the 2-D heat equation, we obtain

5203 ) @99

where the 2-D central-difference operators Si and Sf are defined by

Si ;"'=uin+lj 2ui'; +uity _Biui'fj
j (AX) (8 (4.100)

62 no_ ul"fj*'l 2“ + ul .j-1 - 6?’”31

e (Ay) (Ay)?

As with the 1-D case, the Crank—Nicolson scheme is unconditionally stable when applied to the 2-D
heat equation with periodic boundary conditions. Unfortunately, the resulting system of linear alge-

n+l n+l n+l

braic equations is no longer tridiagonal because of the five unknowns u;';", u}}} ;, u,»”_*lf_,», u; ;2,1, and u/;_;.
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The same is true for all the implicit schemes we have studied previously. In order to examine this further,
let us rewrite Equation 4.99 as

n+l n+l1 n+l n+l n+l n
au; j_ + bui_lyj + CU; ; + bu”],j + au; j. = di,j (4101)

where

oAt 1
- 2="5h
2(Ay) 2

aAt 1

Toax)? 2

rX
c=1l+r+r,

alt(z, 2
dry = ufy + 208 482,
=l !

If we apply Equation 4.101 to the 2-D (6 x 6) computational mesh shown in Figure 4.18, the following
system of 16 linear algebraic equations must be solved at each (n + 1) time level:

c b 0 0 a 0 - . . . . . . . - 07w ] [dh]
b ¢ b a uiy! di,
0 c b a s di,
0 b ¢ 0 a s dsy
a c b a 7as dys
0 a b ¢ b a gy d33
a b ¢ b a RS dys
a b ¢ 0 a s dis
a 0 ¢ b a gt |
a b ¢ b a b dsy
a c b a Of|uyy dya
a b ¢ 0 alludy dsy
a c b Of|ust dy’s
a c b Of|lwy dis
. a b ¢ blluy dys
o . . . . . . . . . 0 a 0 0 b c||luy di's
4.102)
where
d' =d-au,
d" =d-bu,

d"=d - (a+b)u
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u =uy= Constant on
boundary

j=1
i=1 2 3 4 5 6

FIGURE 4.18 2-D computational mesh.

A system of equations like Equation 4.102 requires substantially more computer time to solve than
does a tridiagonal system. In fact, equations of this type are often solved by iterative methods. These
methods are discussed in Section 4.3.

4.2.10 ADI MetHODS

The difficulties described earlier, which occur when attempting to solve the 2-D heat equation by
conventional algorithms, led to the development of alternating-direction implicit (ADI) methods by
Peaceman and Rachford (1955) and Douglas (1955). The usual ADI method is a two-step scheme
given by

Step 1:
W -y o 827 + 82t ) (4.103)
At/2 ’ o
Step 2:
n+l n+1/2 ~ ~
Uij —Uj =a(5iuf;”2 + 6?14,";])
At)2

As a result of the “splitting” that is employed in this algorithm, only tridiagonal systems of linear
algebraic equations must be solved. During Step 1, a tridiagonal matrix is solved for each j row of
grid points, and during Step 2, a tridiagonal matrix is solved for each i row of grid points. This pro-
cedure is illustrated in Figure 4.19. The ADI method is second-order accurate with a T.E. of O[(Ar)?,
(Ax)?, (Ay)’]. Upon examining the amplification factor

[1- r(1- cosBX)] [1 -r(1- cosﬁy)]
[1+ r(1- cos[SX)] [1 +r,(1- cosﬁy)]

where

ro=aAt/(Ax) B, = k,Ax

r, = aAt/(Ay? B, = k,Ay
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X
Nl
w®
t
n+1

— > Implicit

X

nt = - NG

y=idy 7| T

n x=iAx

FIGURE 4.19  ADI calculation procedure.

we find this method to be unconditionally stable. The obvious extension of this method to three
dimensions (making use of the time levels n,n + %,n + %,n + 1) leads to a conditionally stable method
with T.E. of O[(At, (Ax)?, (Ay)%, (Az)*].

In order to circumvent these problems, Douglas and Gunn (1964) developed a general method
for deriving ADI schemes that are unconditionally stable and retain second-order accuracy. Their
method of derivation is commonly called approximate factorization. When an implicit procedure
such as the Crank—Nicolson scheme is cast into residual or delta form, the motivation for factoring
becomes evident. The delta form is obtained by defining Au, ;, as

n

_ on+l
Auj=uij —u;

Substituting this into the 2-D Crank—Nicolson scheme (Equation 4.99) gives

A = oAt

6)2cAu,-,j 6§Au,»,j 26§u{fj 26fu,ffj
W= + + +

(A Ay (At Ay

After rearranging this equation to put all of the unknowns on the left-hand side of the equation and
inserting r, and r,, we obtain

(1-%‘61 -%ai) Auyj = (182 + 1,02 )ul

If the quantity in parentheses on the left can be arranged as the product of two operators, one involving
x direction differences and the other involving y direction differences, then the algorithm can proceed
in two steps. One such factorization is

(1 —%‘6,25) (1 —%6?) Au; ; = (rxf)i +ry6§)u{fj
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In order to achieve this factorization, the quantity rr, 6)2(6?, Au; ; /4 must be added to the left-hand
side. The T.E. is thus augmented by the same amount. The factored equation can now be solved in
the two steps:

Step 1:
(1 —%‘(ﬁ) Auf; = (rxﬁi + ryﬁi)u{fj
Step 2:

i,j

7
( —Eyéi) Aui’j = Au*

n+l

where the superscript asterisk denotes an intermediate value. The unknown '} is then obtained

from

n+l

n
u; o=u;+Au;

Using the preceding factorization approach and starting with the three-dimensional (3-D)
Crank—Nicolson scheme, Douglas and Gunn also developed an algorithm to solve the 3-D heat
equation:

Step I:
(1 - %Bi) Au* = (rxéi +7,07 + rzéz)u"
Step 2:
(1—%55) A = Au* 4.104)
Step 3:

( -%63) Au = Au*

where the superscript asterisks and double asterisks denote intermediate values and the subscripts
i, j, k have been dropped from each term.

4.2.11 SpPLITTING OR FRACTIONAL-STEP METHODS

The ADI methods are closely related and in some cases identical to the method of fractional steps
or methods of splitting, which were developed by Russian mathematicians at about the same time
as the ADI methods were developed in the United States. The basic idea of these methods is to split
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a finite-difference algorithm into a sequence of 1-D operations. For example, the simple implicit
scheme applied to the 2-D heat equation could be split in the following manner:

Step 1:
n+l/2 g n N
=L o aéﬁu,-’f}'”z 4.105)
At
Step 2:
w2 N
ML L o
At

to give a first-order accurate method with a T.E. of O[At, (Ax)?, (Ay)?]. For further details on the
method of fractional steps, the reader is urged to consult the book by Yanenko (1971).

4.2.12 ADE MetHODS

Another way of solving the 2-D heat equation is by means of an alternating-direction explicit (ADE)
method. Unlike the ADI methods, the ADE methods do not require tridiagonal matrices to be
“inverted.” Since the ADE methods can also be used to solve the 1-D heat equation, we will apply
the ADE algorithms to this equation, for simplicity.

The first ADE method was proposed by Saul’yev (1957). His two-step scheme is given by

Step I:
uit —uf Wit —ut -l vl
J I —a Jj-1 J 5 J J+1 (4.106)
At (Ax)
Step 2:
n+2 n+l n+l n+l n+2 n+2
wit —ut =aujf, —uit - U Ul
At (Ax)?

In the application of this method, Step 1 marches the solution from the left boundary to the right
boundary. By marching in this direction, u;'fll is always known, and consequently, u;-“' can be deter-
mined “explicitly.” In a like manner, Step 2 marches the solution from the right boundary to the left
boundary, again resulting in an “explicit” formulation, since u;’,flz is always known. We assume that u
is known on the boundaries. Although this scheme involves three time levels, only one storage array is
required for u because of the unique way in which the calculation procedure sweeps through the mesh.
This scheme is unconditionally stable, and the T.E. is O[(A?)?, (Ax)?, (A#/Ax)?]. The scheme is formally
first-order accurate (if r is constant) owing to the presence of the inconsistent term (A#/Ax)? in the T.E.

Another ADE method was proposed by Barakat and Clark (1966). In this method, the calculation

procedure is simultaneously “marched” in both directions, and the resulting solutions (p/ ™' and ¢*")
are averaged to obtain the final value of u]*":
n+l n n+l n+l n n
Pj =Pj_,Pi-i=Pj ~Pj t P+
At (Ax)®
quz+l _quz qr} _q{: _q{1+1 +qu1+1
J LR Jj-1 J 12 J+1 4.107)
At (Ax)

u}”l _ %(p;”l +q;,+1)
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This method is unconditionally stable, and the T.E. is approximately O[(A7)?, (Ax)?] because the
simultaneous marching tends to cancel the (A#/Ax)? terms. It has been observed that this method is
about 18/16 times faster than the ADI method for the 2-D heat equation.

Larkin (1964) proposed a slightly different algorithm, which replaces the p and g with « whenever
possible. His algorithm is

Pt —up P =it - +uj,
At (Ax)?
gt -u! W -l —q" + gt
J I —a Jj-1 J J2 Jj+1 4.108)
At (Ax)

n+l n+l

1 n+l
U=y (Pj *t4; )
Numerical tests indicate that this method is usually less accurate than the Barakat and Clark scheme.

4.2.13 HoprscotcH METHOD

As our final algorithm for solving the 2-D heat equation, let us examine the hopscotch method. This
method is an explicit procedure that is unconditionally stable. The calculation procedure, illustrated
in Figure 4.20, involves two sweeps through the mesh. For the first sweep, u,”]*1 is computed at each
grid point (for which i + j + n is even) by the simple explicit scheme

uly' —up; 20 22

T o 8ut; + &) 4.109)

For the second sweep, u,";'l is computed at each grid point (for which i + j + n is odd) by the simple
implicit scheme

n+l n

U —Uu; 2 Q
Uiy Ui _ a( §2urt 4 §2u! ) 4.110)
At
j
X i+j+n(0dd)
e i+j+n(Even)
6 %
5 X
4 X
3 X Z
2
1 * * l
1 2 3 4 5 6

n=0

FIGURE 4.20 Hopscotch calculation procedure.
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The second sweep appears to be implicit, but no simultaneous algebraic equations must be solved
because u}! s u'! i u,"]*il, and u{f}fl, are known from the first sweep; hence, the algorithm is explicit.

The T.E. for the hopscotch method is O[A?, (Ax)?, (Ay?].

4.2.14 ApbDITIONAL COMMENTS

The selection of a best method for solving the heat equation is made difficult by the large variety of
acceptable methods. In general, implicit methods are considered more suitable than explicit meth-
ods. For the 1-D heat equation, the Crank—Nicolson method is highly recommended because of
its second-order temporal and spatial accuracy. For the 2-D and 3-D heat equations, both the ADI
schemes of Douglas and Gunn and the modified Keller box method give excellent results.

4.3 LAPLACE’S EQUATION

Laplace’s equation is the model form for elliptic PDEs. For 2-D problems in Cartesian coordi-
nates, Laplace’s equation is

2 2
a—bz‘+ a—Z -0 @.111)
ox~  dy

Some of the important practical problems governed by a single elliptic equation include the steady-state
temperature distribution in a solid and the incompressible irrotational (“potential”’) flow of a fluid.

The incompressible Navier—Stokes equations are an example of a more complicated system of
equations that has an elliptic character. The steady incompressible Navier—Stokes equations are
elliptic but in a coupled and complicated fashion, since the pressure derivatives as well as velocity
derivatives are sources of elliptic behavior. The elliptic equation arising in many physical problems
is a Poisson equation of the form

’u  u
F— = f(x, 4.112
ax? ayz f( y) ( )

Thus elliptic PDEs will be found to frequently govern important problems in heat transfer and
fluid mechanics. For this reason, we will give serious attention to ways of solving a model elliptic
equation.

4.3.1 FiNiTE-DiFreRENCE REPRESENTATIONS FOR LAPLACE’S EQUATION

The differences between “methods” for Laplace’s equation and elliptic equations in general are
not so much differences in the finite-difference representations, (although these will vary) but
more often, differences in the techniques used for solving the resulting system of linear algebraic
equations.

4.3.1.1 Five-Point Formula

By far the most common difference scheme for the 2-D Laplace’s equation is the five-point formula
first used by Runge in 1908:

Uit = 2Uij + Uiy Uijor =205+ Ui joy @.113)
(Ax)? (Ay)?
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which has a T.E. of O[(Ax)?, (Ay)*]. The modified equation is

1
s Ty = 12 [MW(AX)Z + u.vyyy(Ay)z] +--

4.3.1.2 Nine-Point Formula

The nine-point formula appears to be a logical choice when greater accuracy is desired for Laplace’s
equation in the Cartesian coordinate system. Letting Ax = i and Ay = k, the formula becomes

h* -5k
Uiy jer YUy jor F U F Uy jog — 27}12 e (ui+l,j + ui-l,j)
Sh* - k*
#2750 o (e 1) =200, = 0 @114)

The T.E. for this scheme is O(h?, k*) but becomes O(h°) on a square mesh. Details of the T.E. and
modified equation for this scheme are left as an exercise. Although the nine-point formula appears
to be very attractive for Laplace’s equation because of the favorable T.E., this error may be only
O(h?, k*) when applied to a more general elliptic equation (including the Poisson equation) contain-
ing other terms. More details on the nine-point scheme can be found in the work by Lapidus and
Pinder (1982).

Other finite-difference schemes for Laplace’s equation can be found in the literature (see, e.g.,
Thom and Apelt, 1961), but none seems to offer significant advantages over the five- and nine-point
schemes given here. To obtain smaller formal T.E. in these schemes, more grid points must be
used in the difference molecules. High accuracy is difficult to maintain near boundaries with such
schemes.

4.3.1.3 Residual Form of the Difference Equations

In some solution schemes, it is advantageous to solve the difference equations in delta or residual
form. We will illustrate the residual form by way of an example based on the five-point stencil given
in Equation 4.113. We let L be a difference operator giving the five-point difference representa-
tion. Thus, Lu,; = 0 is equivalent to Equation 4.113. A delta (change in the variable) is defined by
u; ; = u; ; + Au; ;, where i, ; represents a provisional solution such as might occur at some point in an
iterative process before convergence and u,; represents the exact numerical solution to the differ-
ence equation. (Readers should note that all deltas that arise in computational fluid dynamics are
not defined in the same way. The deltas may have slightly different meanings, depending upon the
algorithm or application. Deltas denote a change in something, but be alert to exactly how the delta
is defined.) We can substitute &, ; + Au; ; for u, ; in the difference equation Lu, ; = 0 and obtain

Lui’j = Lﬁi,j + LAM,"]‘ = O (4115)

The residual is defined as the number that results when the difference equation, written in a form
giving zero on the right-hand side, is evaluated for an intermediate or provisional solution. For
Laplace’s equation, the residual can be evaluated as R; ; = Li; ;. If the provisional solution satisfies
the difference equation exactly, the residual vanishes. With this definition, Equation 4.115 can be
written as

LAuiyj = _Ri,j (4.116)
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Equation 4.116 is an alternate and equivalent form of the difference equation for Laplace’s equation.
Starting with any provisional solution or, in fact, a simple guess allows the residual to be computed
at each grid point. From there, Equation 4.116 can be solved for the deltas that are then added to
the provisional solution. In some iterative schemes, the residuals are updated at each iteration, and
new deltas are computed. To update the solution for u, the delta values are added to the provisional
solution used to compute the residual. An example in connection with the multigrid method will
help clarify these ideas.

4.3.2 SimpLE EXAMPLE FOR LAPLACE’S EQUATION

Consider how we might determine a function satisfying

’u  9*
—I;+—Z =0
ax°  dy

on the square domain

0// x// 1 OII yll 1

subject to Dirichlet boundary conditions. Series solutions can be obtained for this problem
(most readily by separation of variables) satisfying certain distributions of u at the boundaries.
These are available in most textbooks that cover conduction heat transfer (Chapman, 1974) and
can be used as test cases to verify the finite-difference formulation. In this example, we will
use the five-point scheme, Equation 4.113, and let Ax = Ay = 0.1, resulting in a uniform 11 x 11
grid over the square problem domain (see Figure 4.21). With Ax = Ay, the difference equation
can be written as

ui+1,j + ui_lgj + ui,j+1 + ui,j_l - 4ui,j =0 (4.117)

for each point where u is unknown. In this example problem with Dirichlet boundary condi-
tions, we have 81 grid points where « is unknown. For each one of those points, we can write

¥

0,1) (1,1)

X, 0
(0,0) (1,0)

FIGURE 4.21 Finite-difference grid for Laplace’s equation.
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the difference equation so that our problem is one of solving the system of 81 simultane-
ous linear algebraic equations for the 81 unknown u,;. Mathematically, our problem can be
expressed as

allul + alzuz Foeeeeneanns alnun = Cl
Ao Uy + doplly + woeeeeee aplty = Co

4.118)
Qg +++oormeeeeee a,i, =,

or more compactly as [AJu = C, where [A] is the matrix of known coefficients, u is the column vector
of unknowns, and C is a column vector of known quantities. It is worth noting that the matrix of coef-
ficients will be very sparse, since about 76 of the 81 a’s in each row will be zero. To make our example
algebraically as simple as possible, we have let Ax = Ay. If Ax # Ay, the coefficients will be a little more
involved, but the algebraic equations will still be linear and can be represented by the general [AJu = C
system given earlier.

Methods for solving systems of linear algebraic equations can be readily classified as
either direct or iterative. Direct methods are those that give the solution (exactly if round-off
error does not exist) in a finite and predeterminable number of operations using an algorithm
that is often quite complicated. Iterative methods consist of a repeated application of an algo-
rithm that is usually quite simple. They yield the exact answer only as a limit of a sequence,
but if the iterative procedure converges, we can come within € of the answer in a finite but
usually not predeterminable number of operations. Some examples of both types of methods
will be given.

4.3.3 DIRECT METHODS FOR SOLVING SYSTEMS OF LINEAR ALGEBRAIC EQUATIONS

4.3.3.1 Cramer’s Rule

Cramer’s rule is one of the most elementary methods. All students have certainly heard of it, and
most are familiar with the workings of the procedure. Unfortunately, the algorithm is immensely
time consuming, the number of operations being approximately proportional to (n + 1)!, where
n is the number of unknowns. A number of horror stories have been told about the large compu-
tation time required to solve systems of equations by Cramer’s rule. The number of operations
(multiplications and divisions) required to solve a system of algebraic equations by Gaussian
elimination (described in the following paragraph) is approximately n3/3. The example problem
discussed earlier for an 11 x 11 grid involved 81 unknowns. The operation count for solving
this problem by Cramer’s rule is 82!, which is a very large number indeed (4.75 x 10'??), dwarf-
ing even the national debt. By comparison, solving the problem by Gaussian elimination would
require only about 177,147 operations. If we applied Cramer’s rule to the example problem with
81 unknowns using a machine capable of performing 100 million floating point operations per
second (100 megaflops), the calculation would require about 1.506 x 10'%7 years. This is not
worth waiting for! Some of the faster machines are now performing at the teraflop level (this
would be 10,000 times faster than the 100 megaflop machine). If we would solve the problem
by Cramer’s rule on a one teraflop machine (1 x 10'? floating point operations per second), the
time required would drop to 1.506 x 10'°% years. This is still a very long time. Using Gaussian
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elimination would only require a fraction of a second on the same machine. Cramer’s rule
should never be used for more than about three unknowns, since it rapidly becomes very inef-
ficient as the number of unknowns increases.

4.3.3.2 Gaussian Elimination

Gaussian elimination is a very useful and efficient tool for solving many systems of algebraic equa-
tions, particularly for the special case of a tridiagonal system of equations. However, the method is
not as fast as some others to be considered for more general systems of algebraic equations that arise
in solving PDEs. Approximately n%/3 multiplications and divisions are required in solving n equa-
tions. Also, round-off errors, which can accumulate through the many algebraic operations, some-
times cause deterioration of accuracy when 7 is large. Actually, the accuracy of the method depends
on the specific system of equations, and the matter is too complex to resolve by a simple general
statement. Rearranging the equations to the extent possible in order to put the coefficients that are
largest in magnitude on the main diagonal (known as “pivoting”) will tend to improve accuracy.
However, since we will want to use an elimination scheme for tridiagonal systems of equations that
arise in implicit difference schemes for marching problems, it would be well to gain some notion of
how the basic Gaussian elimination procedure works.

Consider the equations

Ayt + dpglly + e —q
Ao Uy + Aoy +**oo e =C,

@.119)
(Al e e

The objective is to transform the system into an upper triangular array by eliminating some of the
unknowns from some of the equations by algebraic operations. To illustrate, we choose the first equa-
tion (row) as the “pivot” equation and use it to eliminate the u, term from each equation below it. This
is done by multiplying the first equation by a,,/a,,* and subtracting it from the second equation to
eliminate u, from the second equation. Multiplying the pivot equation by a,/a,, and subtracting it from
the third equation eliminates the first term from the third equation. This procedure can be continued to
eliminate the u, from equations 2 through n. The system now appears in Figure 4.22.

| First pivot equation |

u; Eliminated

I
[—

FIGURE 4.22 Gaussian elimination, u, eliminated below main diagonal.

* We must always interchange rows if necessary to avoid division by zero.
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First pivot equation |

|_ | | Second pivot equation |
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[
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FIGURE 4.23 Gaussian elimination, «, and u, eliminated below main diagonal.

Next, the second equation (as altered by the earlier procedure) is used as the pivot equation to
eliminate u, from all equations following it, leaving the system in the form shown in Figure 4.23.
The third equation in the altered system is then used as the next pivot equation, and the process
continues until only an upper triangular form remains:

a iy +a12u2+ ............ =
aézuz + aé3u3 Foreeeenenn = Cé
, , 4.120)
a33u3 + ......... = C3
' '
Applty = Cy

At this point, only one unknown appears in the last equation, two in the next to last equation, etc.,
so0 a solution can be obtained by back substitution.

Consider the following system of three equations as a specific numerical example:
Ul + 4U2 + U3 = 7
U] +6U2 - U3 =13
2U1 —U2+2U3 =5
Using the top equation as a pivot, we can eliminate U, from the lower two equations:
U] + 4U2 + U3 = 7
2U2 - 2U3 = 6
-9U, +0 =-9
Now using the second equation as a pivot, we obtain the upper triangular form:
U] + 4U2 + U3 = 7
2U2 - 2U3 = 6
-9U; =18

Back substitution yields Uy, = -2, U, =1, U, =5.
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Block-iterative methods for Laplace’s equation (Section 4.3.4) lead to systems of simultaneous
algebraic equations, which have a tridiagonal matrix of coefficients. This was also observed in
Sections 4.1 and 4.2 for implicit formulations of PDEs for marching problems. To illustrate how
Gaussian elimination can be efficiently modified to take advantage of the tridiagonal form of the
coefficient matrix, we will consider the simple implicit scheme for the heat equation as an example:

ou d’u
Mgl
ot ox
it -ul o«
e M v o A (uj":l1 +ult] —2u}”1)

In terms of the format used earlier for algebraic equations, this can be rewritten as
n+l n+l n+l
bju +dju +ajl/tj+1 =Cj

j-1 J

where

aAt . 20.At
j=bj=-——5 ¢=uj di=l+——5
(Ax) (Ax)

n+l n+l

For Dirichlet boundary conditions, u;~; is known at one boundary and uj}; at the other. All known
u’s are collected into the c; term, so our system looks like

d a o . . . . 0 [u*] [ ¢
by dy ay o ‘ wytt| | e
0 b3 d3 a3 ¢
0 0 by dy ay o : _
\ 0
aANJ-1
Lo - - . . 0 by dy | _u]’\’[}rl_ KEva

Even when other boundary conditions apply, the system can be cast into the previous form,
although the first and last equations in the array may result from auxiliary relationships related to
the boundary conditions and not to the original difference equation, which applies to nonbound-
ary points.

For this tridiagonal system, it is easy to modify the Gaussian elimination procedure to take
advantage of the zeros in the matrix of coefficients. This modified procedure, suggested by Thomas
(1949), is discussed briefly in Section 4.1.4.

4.3.3.3 Thomas Algorithm

Referring to the tridiagonal matrix of coefficients provided earlier, the system is put into an upper
triangular form by computing the new d; by

dj = dj —ﬁaj_l
j-

j=23,...,NJ
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and the new c; by

b; :
Cj=Cj—dijCj_1 J=2,3,...,NJ

j-1
then computing the unknowns from back substitution according to u,, = cy,/d,,, and then

" =% k=NJ-1,NJ=2,...,1
k

In the preceding equations, the equals sign means “is replaced by,” as in the FORTRAN program-
ming language. A FORTRAN program for this procedure is given in Appendix A.

Some flexibility exists in the way in which boundary conditions are implemented when
the Thomas algorithm is used to solve for the unknowns. It is best that the reader develop an
appreciation for these details through experience; however, a comment or two will be offered
here by way of illustration. The main purpose of the elimination scheme is to determine the
unknowns; therefore, for Dirichlet boundary conditions, the u’s at the boundary need not be
included in the list of unknowns. That is, u, in the elimination algorithm could correspond to
the u at the first nonboundary point, and u,, to the « at the last nonboundary point. However, no
harm is done, and programming may be made easier, by specializing a,, d,, by, and d,, to pro-
vide a redundant statement of the boundary conditions. That is, if we letd, =1, a, =0, d, = 1,
by, =0, ¢; = uf™ (given), and cy; = diy' (given), the first and last algebraic equations become
just a statement of the boundary conditions. As an example of how other boundary conditions
fall easily into the tridiagonal format, consider convective (mixed) boundary conditions for the
heat equation:

ou
h(uw - ubdy) = —ki)
0x by

A control-volume analysis at the boundary where j = 1 leads to a difference equation that can be
written as

+1 +1
duw'" +ausT = ¢

where

d1=1+

© 1

I+ ——| a-= ¢ = +
(Ax)? k (Ax)* (Ax)’k

which obviously fits the tridiagonal form for the first row.

4.3.3.4 Advanced Direct Methods

Direct methods for solving systems of algebraic equations that are faster than Gaussian elimination
certainly exist. Unfortunately, none of these methods are completely general. That is, they are appli-
cable only to the algebraic equations arising from a special class of difference equations and associ-
ated boundary conditions. Many of these methods are “field size limited” (limited in applicability to
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relatively small systems of algebraic equations) owing to the accumulation of round-off errors. As a
class, the algorithms for fast, direct procedures tend to be rather complicated and not easily adapted
to irregular problem domains or complex boundary conditions. Somewhat more computer storage
is usually required than for an iterative method suitable for a given problem. In addition, the best
iterative methods developed in recent years (mainly multigrid methods) are actually faster than the
direct methods. It seems that the simplest of the direct methods suffer from the field size limitations
and are relatively restricted in their range of application, and those that are not field size limited
have algorithms with very involved details that are beyond the scope of this chapter. Consequently,
only a few of these methods will be mentioned here, and none will be discussed in detail.

One of the simplest of the advanced, direct methods is the error vector propagation (EVP)
method developed for the Poisson equation by Roache (1972). This method is field size limited;
however, the concepts are straightforward. Two fast direct methods for the Poisson equation that
are not limited, owing to accumulation of round-off errors, are the “odd—even reduction” method
of Buneman (1969) and the fast Fourier transform method of Hockney (1965, 1970). Swartztrauber
(1977) discusses optimal combinations of the two schemes. More recent developments, including
implementation details for supercomputers, are discussed by Hockney and Jesshope (1981). Clearly,
the fast, direct methods should be considered for problems where the geometry and boundary condi-
tions will permit their use and when computer execution time is an overriding consideration. These
methods can be 10-30 times faster than the simpler iterative methods but are not expected to be
faster than the multigrid iterative methods, which will be introduced in Section 4.3.5.

Another type of advanced direct method is known as a sparse matrix method, the most well
known of which is the Yale sparse matrix package (Eisenstadt et al., 1977). Unlike the “fast” solv-
ers discussed earlier, the sparse matrix methods can be quite general. The methods are essentially
“smart” elimination methods that take advantage of the sparseness of the coefficient matrix. The
methods generally require extensive computer memory and are not more efficient than the better
iterative methods. Examples of the use of such methods to solve the Navier—Stokes equations can be
found in the works of Bender and Khosla (1988) and Venkatakrishnan and Barth (1989).

4.3.4 ITERATIVE METHODS FOR SOLVING SYSTEMS OF LINEAR ALGEBRAIC EQUATIONS

Iterative methods are also known as “relaxation” methods, a term derived from the residual relax-
ation method introduced by Southwell many years ago. This class of methods can be further broken
down into point- (or explicit) iterative methods and block- (or implicit) iterative methods. In brief,
for point-iterative methods, the same simple algorithm is applied to each point where the unknown
function is to be determined in successive iterative sweeps, whereas in block-iterative methods,
subgroups of points are singled out for solution by elimination (direct) schemes in an overall itera-
tive procedure.

4.3.4.1 Gauss-Seidel Iteration

Although many different iterative methods have been suggested over the years, Gauss—Seidel itera-
tion (often called Liebmann iteration when applied to the algebraic equation resulting from the
differencing of an elliptic PDE) is one of the most efficient and useful point-iterative procedures for
large systems of equations. The method is extremely simple but only converges under certain condi-
tions related to “diagonal dominance” of the matrix of coefficients. Fortunately, the differencing of
many steady-state conservation statements provides this diagonal dominance. The method makes
explicit use of the sparseness of the matrix of coefficients.

The simplicity of the procedure will be demonstrated by an example prior to a concise statement
regarding the sufficient condition for convergence. When the method can be used, the procedure
for a general system of algebraic equations would be to (1) make initial guesses for all unknowns
(a guessed value for one unknown will not be needed, as seen in the following example); (2) solve
each equation for the unknown whose coefficient is largest in magnitude, using guessed values
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initially and the most recently computed values thereafter for the other unknowns in each equation;
and (3) repeat iteratively the solution of the equations in this manner until changes in the unknowns
become “small,” remembering to use the most recently computed value for each unknown when it
appears on the right-hand side of an equation. As an example, consider the system

4x1—x2+x3 =4
x|+6x2+x3 =9

—Xi +2)C2 +5)C3 =2
We would first rewrite the equations as

5= 4 - x;)
X2 =l(9—x1 —-X3)
o 2

X = é(2+x1 ~2x,)

then make initial guesses for x, and x; (a guess for x, is not needed) and compute x,, x,, x; iteratively
as indicated earlier.

Referring to the five-point stencil for Laplace’s equation, we observe that the unknown having the
coefficient largest in magnitude is «, ;. Letting § = Ax/Ay, the grid aspect ratio, the general equation for
the Gauss—Seidel procedure for Laplace’s equation can be written as

k k+1 2 k k+1
ko1 Uivlj HUL T § (ui,j+l + ui,j—l)

. 201467

@.121)

where
k denotes the iterative level
i denotes the column
J denotes the row

In Equation 4.121, the sweep direction is assumed to be from low values of i and j to large values.
Thus, at least two unknowns in each equation would already have been calculated at the k + 1 level.
In terms of a general system of equations, [A]x = b, the Gauss—Seidel scheme can be written as

i-1

( 4 \
P ILbi - 2 g - E a,.jxij 4.122)
ai;
Jj= J=1+1

where it is understood that the system of equations has been reordered, if necessary, so that the
coefficients largest in magnitude are on the main diagonal.

In passing, we shall mention that an iterative process can also be performed without continu-
ously updating values on the right-hand side. If the unknowns on the right-hand side are updated
only after each iterative sweep through the entire field, the process is known as Jacobi iteration.

For model problems, Jacobi iteration requires approximately twice as many iterations for conver-
gence as Gauss—Seidel iteration.
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4.3.4.2 Sufficient Condition for Convergence of the Gauss-Seidel Procedure

In order to provide a compact notation, as provided earlier, we will order the equations, if possible,
so that the coefficient largest in magnitude in each row is on the main diagonal. Then if the system
is irreducible (cannot be arranged so that some of the unknowns can be determined by solving less
than n equations) and if

n

lal = 2 la,| 4.123)
<

Jj=i
for all i and if

n

lag| > 2 la,| 4.124)
<

Jj=i

for at least one 7, then the Gauss—Seidel iteration will converge. This is a sufficient condition, which
means that convergence may sometimes be observed when the previous condition is not met. A
necessary condition can be stated, but it is impractical to evaluate. Stated in words, the sufficient
condition can be interpreted as requiring for each equation that the magnitude of the coefficient on
the diagonal be greater than or equal to the sum of the magnitudes of the other coefficients in the
equation, with the “greater than” holding for at least one (usually corresponding to a point near a
boundary for a physical problem) equation.

Perhaps we should now relate the previous iterative convergence criteria to the system of equa-
tions that results from differencing Laplace’s equation according to Equation 4.113. First, we
observe that the coefficient largest in magnitude belongs to u, ;. Since we apply Equation 4.113 to
each point where u; ; is unknown, we could clearly arrange all the equations in the system so that
the coefficient largest in magnitude appeared on the diagonal. With the exercise of proper care in
establishing difference representations, this type of diagonal dominance can normally be achieved
for all elliptic equations. In terms of a linear difference equation for u, we would expect the Gauss—
Seidel iterative procedure to converge if the finite-difference equation applicable to each point i,j,
where u, ;is unknown, is such that the magnitudes of the coefficient of u, ; is greater than or equal to
the sum of the magnitudes of the coefficients of the other unknowns in the equation. The “greater
than” must hold for at least one equation.

We will not offer a proof for this sufficient condition for the convergence of the Gauss—Seidel
iteration, but hopefully, a simple example will suggest why it is true. If we look back to our simple
three-equation example for Gauss—Seidel iteration and consider that at any point our intermediate
values of x are the exact solution plus some €, that is, x; = (X;)exact + €1, then our condition of diagonal
dominance is forcing the € to become smaller and smaller as the iteration is repeated cyclically. For one
run through the iteration, we could observe

‘81‘< ’52"" ‘53‘
|ez|<f|sl|+1|sz|
|e§|s§|sl|+f|sz|

e7| would be <5 and | 7| < 1.446. Here, superscripts denote itera-

tive level.
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Finally, we note for a general system of equations, the multiplications per iteration could be as
great as n” but could be much less if the matrix was sparse.

4.3.4.3 Successive Overrelaxation

Successive overrelaxation (SOR) is a technique that can be used in an attempt to accelerate any itera-
tive procedure, but we will propose it here primarily as a refinement to the Gauss—Seidel method. As
to the origins of the method, one story (probably inaccurate) being passed around is that the method
was suggested by a duck hunter, who finally learned that if he pointed his gun ahead of the duck, he
would score more hits than if he pointed the gun right at the duck. The duck is a moving target, and
if we anticipate its motion, we are more likely to hit it with the shot pattern. The duck hunter told his
story to his neighbor, who was a numerical analyst, and SOR was born—or so the story goes.

As we apply Gauss—Seidel iteration to a system of simultaneous algebraic equations, we expect to
make several recalculations or iterations before convergence to an acceptable level is achieved. Suppose
that during this process we observe the change in the value of the unknown at a point between two suc-
cessive iterations, note the direction of change, and anticipate that the same trend will continue on to
the next iteration. Why not go ahead and make a correction to the variable in the anticipated direction
before the next iteration, thereby, hopefully, accelerating the convergence? An arbitrary correction to
the intermediate values of the unknowns from any iterative procedure (Gauss—Seidel iteration is of most
interest to us at this point, so we will use it as the representative iterative scheme), according to the form

uly" =l v ool - uf) .125)

is known as overrelaxation or SOR. Here, k denotes iteration level, u,";'l is the most recent value
of u;; calculated from the Gauss-Seidel procedure, u,"][ is the value from the previous iteration as
adjusted by previous application of this formula if the overrelaxation is being applied successively

(at each iteration), and u,kjl is the newly adjusted or “better guess” for u,; at the k + 1 iteration

+1'

level. That is, we expect u{}' to be closer to the final solution than the unaltered value u/' from

the Gauss—Seidel calculation. The formula is applied immediately at each point after u,k;'l has been

obtained, and u,k;'l replaces u,k;'l in all subsequent calculations in the cycle. Here, o is the relaxation
parameter, and when 1 < ® < 2, overrelaxation is being employed. Overrelaxation can be likened
to linear extrapolation based on values u,kE and u/7". In some problems, underrelaxation 0 < ® < 1
is employed. Underrelaxation appears to be most appropriate when the convergence at a point is
taking on an oscillatory pattern and tending to “overshoot” the apparent final solution. For underre-

laxation, the adjusted value, 1*", is between u,kj[ and u,kj*' Overrelaxation is usually appropriate for

numerical solutions to Laplacej’s equation with Dirichlet boundary conditions. Underrelaxation is
sometimes called for in elliptic problems, it seems, when the equations are nonlinear. Occasionally,
for nonlinear problems, underrelaxation is even observed to be necessary for convergence.

We note that the relaxation parameter should be restricted to the range 0 < ® < 2. For convergence,
we require that the magnitude of the changes in u from one iteration to the next become smaller. Use of
> 2 forces these changes to remain the same or to increase, in contradiction to convergent behavior.

Two important remaining questions are as follows: How can we properly determine a good or
even the best value for ®, and by how much does this procedure accelerate the convergence? No
completely general answers to these questions are available, but some guidelines can be drawn.

For Laplace’s equation on a rectangular domain with Dirichlet boundary conditions, theories
pioneered by Young (1954) and Frankel (1950) lead to an expression for the optimum ® (hereafter
denoted by ®,,,). First, defining G as

(cosi +p? cosn) 4.126)

1+2 " p q

o=



156 Computational Fluid Mechanics and Heat Transfer
the optimum  is given by

2

- 4.127
1+(1-0%)" ®.127)

Wopt

where
B is the grid aspect ratio as defined previously
p is the number of Ax increments
q is the number of Ay increments along the sides of the rectangular region

The formula can also be used for problems in rectangular regions with certain combinations of
Dirichlet and Neumann boundary conditions that permit an equivalent Dirichlet problem to be
recognized by identifying the Neumann boundaries as lines of symmetry in a Dirichlet problem. In
general, however, for more complex elliptic problems, it is not possible to determine ®,, in advance.
In these cases, some numerical experimentation should be helpful in identifying useful values for
. Numerical examples and theory generally indicate that it is better to guess on the high side of
O, than on the low side. Hageman and Young (1981) discuss considerations in the search for
in some detail.

Is the ® search worthwhile? The answer is emphatically yes. In some problems, it is possible to
reduce the computation time by a factor of 30. This is significant! Occasionally, SOR may not to be
of much help in accelerating convergence, but it should always be considered and evaluated. The
potential for savings in computation time is too great to ignore.

Since overrelaxation can be viewed as applying a correction to the values obtained from the
Gauss—Seidel procedure based on extrapolation from previous iterates, it is natural to wonder if
other, perhaps more accurate (in terms of T.E. of the extrapolation formula), extrapolation schemes
can be used to accelerate the convergence of iterative procedures. In fact, other schemes such as
Aitken and Richardson extrapolation have been used in this application. The details of these extrap-
olation schemes are covered in standard texts on numerical analysis, but as is perhaps expected, any
advantage in accelerating the convergence of the iterative process by using more complex extrapola-
tion schemes has to be weighed against any added computation costs due to requirements of addi-
tional storage or algebraic operations. SOR has simplicity in its favor, and it can be programmed so
that no additional arrays need to be stored.

In the SOR scheme, the calculations normally proceed in a systematic way with sweeps from
the lower left-hand corner of the domain to the upper right-hand side (in two dimensions from low
values of i and j to high values of i and j). This scheme has a bias in terms of sweep direction that
may permit the largest errors to accumulate at the high values of i and j. A modification to SOR
known as symmetric successive overrelaxation (SSOR) attempts to improve upon this condition. In
SSOR, one alternates the sweep direction. A pass from low values of i and j to high values of i and
Jj is followed by a sweep from high i and j to low i and j.

opt

4.3.4.4 Coloring Schemes

Another strategy that is sometimes used in iterative schemes is to split the update sweep into two or
more separate DO loops. Such an approach can permit the loops to be processed efficiently by vec-
tor machines. Vector processing is less common today than it was a few years ago, but the concept is
worth summarizing here. The vectorization occurs in FORTRAN DO loops (only in the innermost
loop if the loops are nested) and can be thought of as a simultaneous execution of the statements in
the DO loop for all values of the DO parameter. If the statements in the DO loop are recursive in
nature, that is, the right-hand side of the statement contains results previously computed in the loop,
then the compiler rejects that loop for vectorization because an apparent error would occur if the
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statements were executed simultaneously. Vectorization naturally speeds up the algorithm and is a
desirable feature. An example of a vectorizable FORTRAN DO loop is

do 10j = 1,nj
a(j)=b(j)*c+d

10 continue

and an example of a recursive loop that cannot be performed as given in a vector manner is

do 105 = 1,nj
a(j)=b(j-)*c+d

10 continue

The Gauss—Seidel algorithm is recursive in appearance because of the preference to use the most
recent (updated) values of the unknown function on the right-hand side. Thus the algorithm is
not vectorizable. Simple Jacobi iteration is vectorizable but converges more slowly than Gauss—
Seidel iteration. A variation of the Gauss—Seidel procedure known as the red-black or checkerboard
scheme has approximately the same convergence properties as the Gauss—Seidel procedure but is
vectorizable. Imagine that the nodes are colored like a checkerboard, every other point red and
alternate points black, as indicated in Figure 4.24. The red—black scheme updates the variables in
two sweeps, much as was done for the hopscotch scheme. This can be thought of as performing a
Jacobi iteration on every other point. Sweep 1 updates red points (points for which i + j is even in
two dimensions). At this point, black points are surrounded by nodes for which the unknown has
been updated (see Figure 4.24). Sweep 2 updates the black points (points for which i + j is odd).
The two sweeps constitute one iteration. The DO loops proceed in strides of two (every other point),
and a compiler directive may be needed to confirm the vectorization because the appearance of the
right-hand sides may give the impression that the scheme is recursive. The favorable convergence
properties arise because some of the updates use information that has been obtained within the
same iteration (but not the same DO loop).

For Laplace’s equation in two dimensions in the Cartesian coordinate system, only two sub-
divisions of points (red and black) are necessary to recover the convergence properties of the

[¢] Red
@®© Black

FIGURE 4.24 Red-black (checkerboard) ordering.
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Gauss—Seidel scheme on a vector machine. The question might arise as to whether more than two
colors (or two subdivisions of points) are ever needed. This question is most likely to arise in the use
of unstructured grids, for which the cell shape and the ordering of nodes in the solution algorithm
may vary greatly. Unstructured grids will be discussed in Chapters 6 and 10. If we restrict our
concern to the nearest neighbors and wish to color the domain so that adjacent nodes (or cells) are
of a different color, a famous theorem from graph theory states that four colors are sufficient to do
this in two dimensions. This fact has been generally accepted for more than 100 years but was only
proven by Appel and Haken in 1976. Four colors mean that four DO loops would be used to “visit”
every node or cell. Clearly, less than four colors are sometimes adequate, as is the case for a 2-D
grid formed in the Cartesian coordinate system.

4.3.4.5 Block-Iterative Methods

The Gauss—Seidel iteration method with SOR stands as the best all-around method for the
finite-difference solution of elliptic equations discussed in detail thus far in this chapter. The
number of iterations can usually be reduced even further by use of block-iterative concepts, but
the number of algebraic operations required per iterative cycle generally increases, and whether
the reduction in number of required iterative cycles compensates for the extra computation time
per cycle is a matter that must be studied for each problem. However, several cases can be cited
where the use of block-iterative methods has resulted in a net saving of computation time, so
that these procedures warrant serious attention. Ames (1977) and Lapidus and Pinder (1982)
present useful discussions that compare the rates of convergence for several point- and block-
iterative methods.

In block- (or group) iterative methods, subgroups of the unknowns are singled out, and their
values modified simultaneously by obtaining a solution to the simultaneous algebraic equations by
elimination methods. Thus the block-iterative methods have an implicit nature and are sometimes
known as implicit-iterative methods. In the most common block-iterative methods, the unknowns
in the subgroups (to be modified simultaneously) are set up so that the matrix of coefficients will
be tridiagonal in form, permitting the Thomas algorithm to be used. The simplest block procedure
is SOR by lines.

4.3.4.6 SOR by Lines

Although SOR by lines (SLOR) is workable with almost any iterative algorithm, it makes the most
sense within the framework of the Gauss—Seidel method with SOR. We can choose either rows
or columns for grouping with equal ease. To illustrate the procedure, consider again the solution
to Laplace’s equation on a square domain with Dirichlet boundary conditions using the five-point
scheme. If we agree to start at the bottom of the square and sweep up by rows, we could write, for
the general point,

U = iy + B (“x"fm + ”ﬁﬂl) @.128)
" 2(1+B%) '

If we study this equation carefully, we observe that only three unknowns are present, since u,-]f;-',ll
would be known from either the lower boundary conditions, if we were applying the equation to the
first row of unknowns, or from the solution already obtained at the k£ + 1 level from the row below.
We have chosen to evaluate u, ;,, at the k iteration level rather than the k + 1 level in order to obtain
just three unknowns in the equation, so that the efficient Thomas algorithm can be used. This con-
figuration can be seen in Figure 4.25.

The procedure is then to solve the system of / — 2 simultaneous algebraic equations for the / — 2

unknowns representing the values of u,; at the k + 1 iteration level. SOR can now be applied in the
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FIGURE 4.25 SOR by lines.

same manner as indicated previously before moving on to the next row. Some flexibility exists in
the way SOR is applied. After the Thomas algorithm is used to solve Equation 4.128 for each row,
the newly calculated values can be simply overrelaxed, as indicated by Equation 4.125 before the
calculation is advanced to the next row.

Alternatively, the overrelaxation parameter ® can be introduced prior to solution of the simul-
taneous algebraic equations. This is accomplished by substituting the right-hand side of Equation

4.128 into the right-hand side of Equation 4.125 to replace u,k;'l The resulting equation

k+1

k k+1 k+1 2 k k+1
u; =(-wu;+ Uiypj + U +B (“i,j+1 +U; )]

2(11)[52) [

is then solved for each row by the Thomas algorithm. The overrelaxation has been accomplished as
part of the row solution and not as a separate step. Since it is highly desirable to maintain diagonal
dominance in the application of the Thomas algorithm, care should be taken when this latter proce-
dure is used to ensure that ® < 1 + 3%

In the SLOR procedure, one iterative cycle is completed when the tridiagonal inversion has been
applied to all the rows. The process is then repeated until convergence has been achieved. In apply-
ing the method to a standard example problem with Dirichlet boundary conditions, Ames (1977)
indicates that only 1/ V2 as many iterations would be required as for a Gauss—Seidel iteration with
SOR to reduce the initial errors by the same amount. On the other hand, use of the Thomas algorithm
is expected to increase the computation time per iteration cycle somewhat.

The improved convergence rates observed for block-iterative methods compared with point-
iterative methods might be thought of as being due to the greater influence exerted by the boundary
values in each iterative pass. For example, in SOR by rows, the unknowns in each row are deter-
mined simultaneously, so it is possible for the boundary values to influence all the unknowns in
the row in one iteration. This is not the case for point-iterative methods such as the Gauss—Seidel
procedure, where in the first pass, at least one of the boundary points (details depend on sequence
used in sweeping) only influences adjacent points.

4.3.4.7 ADI Methods

The SLOR method proceeds by taking all lines in the same direction in a repetitive manner. The
convergence rate can often be improved by following the sequence by rows, say, by a second
sequence in the column direction. Thus a complete iteration cycle would consist of a sweep
over all rows followed by a sweep over the columns. Several closely related ADI forms are
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observed in practice. Perhaps the simplest procedure is to first employ Equation 4.128 to sweep
by rows. We will designate the values so determined by a k + 5 superscript. This is followed by
a sweep by columns using

k+1/2 k+1 k+1 k+1
kel ul+|j tlj+ﬁ(tj+l+uzj)
U ; =

B 2(1+B%)

This completes one iteration, and overrelaxation can be achieved by applying Equation 4.125 to all grid
points as a second step before another iterative sweep is carried out. Alternatively, we can include the
overrelaxation as part of the row and column sweeps by first using the following expression for rows:

k+1/2

k k+1/2 k+1/2 k+1/2
U; —(I—OJ)MI-’]-+ ivl,j T UL +[3 ( Ui jor + U oy )] (41293)

o
2(1+p%) [
and then using the following expression for columns:

+ + w + + + +
Wyt = (- oy [l st B2 (s )| (4.1290)

2(1 + [32)

In order to preserve diagonal dominance in the Thomas algorithm, it is necessary that ® < 1 + 3% in
the sweep by rows and ® < (1 + B?)/B? in the sweep by columns.

Schemes patterned after the ADI procedures for the 2-D heat equation (Equation 4.97) are also
very commonly used for obtaining solutions to Laplace’s equation. If the boundary conditions for
an unsteady problem governed by Equation 4.97 are independent of time, the solution will asymp-
totically approach a steady-state distribution that satisfies Laplace’s equation. Since we are only
interested in the “steady-state” solution, the size of the time step can be selected with a view toward
speeding convergence of the iterative process. Letting 0A#/2 = p, in Equation 4.103, we can write the
Peaceman—Rachford ADI scheme for solving Laplace’s equation as the two-step procedure:

Step 1:

W kv, (82 k4172 Sfulk]) (4.130a)

]
Step 2:

iy =k (82 + 83! @.1300)

1] L]

where Si and Si are defined by Equation 4.100.

Step 1 proceeds using the Thomas algorithm by rows, and Step 2 completes the iteration cycle by
applying the Thomas algorithm by columns. The p, are known as iteration parameters, and Mitchell
and Griffiths (1980) show that the Peaceman—Rachford iterative procedure for solving Laplace’s
equation in a square is convergent for any fixed value of p,. On the other hand, for maximum com-
putational efficiency, the iteration parameters should be varied with k, but the same p, should be
used in both steps of the iterative cycle. The key to using the ADI method most efficiently for elliptic
problems lies in the proper choice of p,. Peaceman and Rachford (1955) suggested one procedure,
and another in common usage was suggested by Wachspress (1966). Although the evidence is not
conclusive, some studies have suggested that the Wachspress parameters are superior to those sug-
gested by Peaceman and Rachford. The reader is encouraged to study the literature regarding the
selection of p, prior to using the Peaceman—Rachford ADI method.



Application of Numerical Methods to Selected Model Equations 161

It is difficult to compare the computation times required by point- and block-iterative methods
with SOR because of the difficulty in establishing the optimum value of the overrelaxation factor.
Conclusions are also very much dependent upon the specific problem considered, the boundary con-
ditions, and the number of grid points involved. The block-iterative methods as a class require fewer
iterations than point-iterative methods, but as was mentioned earlier, more computational effort is
required by each iteration. Experience suggests that SLOR will require very close to the same com-
putation time as the Gauss—Seidel procedure with SOR for convergence to the same level for most
problems. Use of an ADI procedure with SOR (fixed parameter) often provides a savings in computer
time of 20%—-40% over that required by the Gauss—Seidel procedure with SOR. A greater savings can
normally be observed if the iteration parameters are suitably varied in the ADI procedure.

4.3.4.8 Strongly Implicit Methods

In recent years, another type of block-iterative procedure has been gaining favor as an efficient
method for solving the algebraic equations arising from the numerical solution of elliptic PDEs. To
illustrate this approach, let us consider the system of algebraic equations arising from the use of the
five-point difference scheme for Laplace’s equations as

[Alu=C

where
[A] is the relatively sparse matrix of known coefficients
u is the column vector of unknowns
C is a column vector of known quantities

It is well known that if the matrix [A] could be factored into the product of upper and lower triangu-
lar matrices, the solution for u could proceed in two sweeps, involving only forward and backward
substitutions. To do this exactly, however, requires approximately the same effort as solving the sys-
tem by Gaussian elimination. On the other hand, a number of investigators have explored the merits
of obtaining an approximate (or incomplete) [L][U] factorization, which requires less effort than
the complete factorization, and then solving for u iteratively. The strongly implicit procedure (SIP)
proposed by Stone (1968) is one example of this factorization strategy. The objective is to replace
the sparse matrix [A] by a modified form [A + P] such that the modified matrix can be decomposed
into upper and lower triangular sparse matrices denoted by [U] and [L], respectively. If the [L] and
[U] matrices are not sparse, then very little will be gained in computational efficiency over the use
of Gaussian elimination. Thus the key to any computational advantage of the SIP procedure lies in
the manner in which [P] is selected. It is essential that the elements of [P] be small in magnitude and
permit the set of equations to remain more strongly implicit than for the ADI procedure. An iterative
procedure is defined by writing [AJu = C as

[A+Plu""' = C+[P]u"

Decomposing the coefficient matrix [B] = [A + P] into the upper and lower triangular matrices [U]
and [L] permits our system to be written as

[LI[Un"' = C+[P]u"

Defining an intermediate vector as V*! = [U]u"*!, we form the following two-step algorithm:

Step 1:

[LIV"™*! = C+[Plu" (4.131a)
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Step 2:

[Uu"! = V! (4.131b)

which is repeated iteratively. Step 1 consists simply of a forward substitution. This is followed by the
backward substitution indicated by Step 2.

Stone (1968) selected [P] so that [L] and [U] have only three nonzero diagonals, the principal
diagonal of [U] being the unity diagonal. Furthermore, the elements of [L] and [U] were determined
such that the coefficients in the [B] matrix in the locations of the nonzero entries of matrix [A] were
identical with those in [A]. Two additional nonzero diagonals appear in [B]. The elements of [L], [U],
and [P] can be determined from the defining equations established by forming the [L][U] product.
The details of this are given by Stone (1968). The procedure is implicit in both the x and y directions.
Studies have indicated that, for a solution to Laplace’s equations, the method requires only on the
order of 50%—60% of the computation time required for ADI schemes.

Schneider and Zedan (1981) proposed an alternative procedure for establishing the [L][U] matri-
ces, which is reported to reduce the computational cost for a converged solution to Laplace’s equa-
tion by a factor of 2—4 over the procedures proposed by Stone (1968). They refer to their alternative
procedure as the modified strongly implicit (MSI) procedure. The basic two-step iterative sequence
remains the same as given in Equations 4.131a and 4.131b. The improvement apparently results from
extending the approach of Stone to a nine-point formulation. The MSI procedure then easily treats
five-point difference representations as a special case, and the great reduction in computational cost
mentioned earlier (a factor of 2—4) applies to use of the five-point representation. This new scheme
appears to hold great promise as a very efficient and general procedure. Further details on the MSI
procedure are given in Appendix C.

Despite the recursive steps in the SIP procedure, it is possible to vectorize the algorithm by struc-
turing DO loops to move along diagonals. The scheme has also been successfully extended to solve
coupled systems of equations, that is, a “block™ version of SIP has been developed (see, e.g., Zedan
and Schneider, 1985; Chen and Pletcher, 1991).

4.3.4.9 Krylov Subspace Methods

There is another useful family of iterative methods that has been widely used in solving large sys-
tems of algebraic equations. These are loosely related to the conjugate gradient method, which,
in its original form, was a direct method. The methods are also known in some circles as Krylov
methods or Krylov subspace methods after the Russian scientist A. N. Krylov. The methods solve
a system of the form [A]u = C by repeatedly performing matrix—vector multiplications involving
[A]. The conjugate gradient method (Hestenes and Stiefel, 1952) is the “original” Krylov subspace
iterative method. The conjugate gradient method requires that [A] be symmetric and positive defi-
nite, which limits its use for many equations arising in CFD. However, a modification known as
the generalized minimal residual method (GMRES) (Saad and Schultz, 1986) is often used for the
more general systems of equations arising in CFD. To provide a background for the development of
GMRES, the conjugate gradient method will be outlined first.

4.3.4.9.1 Conjugate Gradient Method

The method solves [A]u = C but requires that [A] be symmetric and positive definite. The n x n
matrix [A] is symmetric if [A]" =[A], and is positive-definite if u’[Alu > 0 for all u # 0. We define
the residual at the ith step in the procedure as C —[A]u; =r;. The algorithm is given by
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fori=1,2,3,....n
if r, =0, stop, end

_ rir,
dii[Ald;_,

Qi

u=u;,_ +o,d;_

r;=r_ —o,[Ald,,
l rirl—‘lri—l

d =r;+ ﬁidi—l

end

The solution is u,.

Note that, because [A] is positive definite, the denominator of ¢, is nonzero. At the beginning of the
iteration, [AJuy + ry = C. As the iteration proceeds, we can show that [A]u; +1; =[A]u;_; +1;_; = C,
so by induction, [A]u; +r; =C for all i. Thus, r; is the residual at the ith step. If r; = 0 at any point,
the equation [AJu=C is satisfied by the solution u,. All of the residuals obtained by the conjugate
gradient method are orthogonal to one another. Since they are n-dimensional vectors, at most n
of the residuals can be pairwise orthogonal so either r, or a previous r; must be zero, providing a
solution to [AJu=C (Sauer, 2006). Therefore, after at most n steps, the conjugate gradient method
arrives at a solution (neglecting round-off errors). Since the solution is obtained in a predictable
number of steps, the method is direct, not iterative. The required operation count for the conjugate
gradient method is actually greater than for Gauss elimination (n? vs. n3/3). However, if the matrix
is sparse, the picture may change. In the conjugate gradient method, the magnitude of the residual
is decreasing with each step. Thus, for the conjugate gradient method, the solution at each step is
an ever improving approximation to the true solution, so at some point short of n steps, the solu-
tion may be good enough and the process can be terminated. For Gauss elimination, however, the
algorithm must be carried to completion. Under those conditions, the conjugate gradient method
performs like an iterative method.

A short example will illustrate the steps in the algorithm. We will solve

I

Following the algorithm earlier, we have u, =

0] 176 %
u = * 20 =170
0| 89(10 1D

89



164 Computational Fluid Mechanics and Heat Transfer

61 17[2 2][6 2
= - =
" lio| 892 4|l0 | &

a =], L [e]_ [
YUle [T 7921 (10| |3
89 7921

O!.2=

molTes || |2

| 89 7921
884
7921 | _ 0
544
7921 0

. [ | 89[2 2
Pls | 68|24
The solution has been found in two iterations as expected.

L 89

4.3.4.9.2 Generalized Minimal Residual Method

The generalized minimal residual method (GMRES) is another Krylov method, but does not require
that the coefficient matrix for a system of linear equations be symmetric or positive definite. The
scheme was introduced by Saad and Schultz (1986) and is suited for solving large, sparse linear
systems such as those that arise in computational fluid dynamics. The main idea is fairly simple. At
each iteration, we seek a vector that minimizes the residual, and that vector is computed by solving
a least squares problem.

In the conjugate gradient method, each new residual is orthogonal to all previous residuals, and
each new residual can be computed as a correction to the previous residual by making only one
matrix—vector multiplication. GMRES also generates a sequence of orthogonal vectors, but in the
absence of symmetry, this can no longer be done with short recurrences. Instead, all previously
computed vectors in the orthogonal sequence have to be retained. GMRES converges to the exact
solution at the nth step assuming there is no machine round off. This can lead to a very large opera-
tion count. In practice, however, the algorithm is normally restarted after a small number (typically
on the order of 10) of steps, m, using u,, as the initial vector for the next GMRES sequence. In
GMRES, the orthogonal vectors are known as Arnoldi vectors and are found by a modified Gram—
Schmidt orthogonalization procedure. Convergence is often achieved in approximately m? iterations
making GMRES one of the most powerful iterative methods for large, sparse, nonsymmetric sys-
tems. Again, we assume that [A] is an n X n matrix and we wish to solve [AJu=C.
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The main steps in the GMRES are as follows:

Step 1: An initial guess is made for the solution, and the resulting residual is computed:

ro=C-[A]u,

Step 2: A modified Gram—Schmidt orthogonalization (Sauer, 2006) known as the Arnoldi procedure
(Golub and van Loan, 1996) is used to form the base vectors:

Iy
" el
where llll, denotes the Euclidean norm.
Forj=1,2,...,mdo
w; =[Alv;
Fori=1,2,...,jdo
hy = W}Vl

End do
hjwj=lwll, Ifh, ;=0 Stop.
w .
Vj+l =—>1
hjj
End do
The n x m matrix whose column vectors are the vectors v,,..., v,, is denoted by [V,, ]. The nonzero

coefficients of the (m + 1) x m upper Hessenberg (almost tridiagonal in that it has zeros below the
first subdiagonal) matrix [H,,] are given by h;. It can be shown that [A][V,,] = [V,,.1][H,,]. Making
use of the orthogonal base vectors in [V,,], an approximate solution to [AJu=C can be formed
To
Hl'o 2
that C-[AJu =[V,,,,1[Pe, —[H,,]y] where {3 = Hron and e, is the first column of the identity matrix.

as ﬁ=u0+[Vm]y where y is an m-dimensional vector to be determined. Using v, = , we find

Using the orthonormality of the column vectors of [V,,,;], (note that the norm of [V,,,,] is one) we
see that y must minimize Hﬁel - [H,,,]yH2 .

Step 3: The GMRES iterative algorithm ends by first finding the y, that minimizes Hﬁel -[H,ly

2 9
which is the norm of the residual. This is an m + 1 by m least squares problem that can readily be solved
by a variety of techniques. A QR factorization method or Givens rotations (Golub and van Loan, 1996)
are particularly recommended.

Step 4: Then
u,, =l +[Vm]ym

If m < n and the residual has not been reduced to the desired level, u,, is used as the initial vector for
the next GMRES sequence, that is, we start GMRES again withu,=u,,.
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As with all iterative methods, the convergence rate for GMRES can often be improved by multi-
plying both sides of the equation by a preconditioning matrix, as [P][A]u = [P]C. The convergence
properties of the iterative scheme are then governed by [ P][A] rather than [A]. Generally, [P] should
approximate [A]~!. One popular preconditioning matrix follows from an approximate [L][U] repre-
sentation of [A] (Trefethen and Bau, 1997).

GMRES computer programs are available on the internet. MATLAB® software also includes
GMRES as a function and can also provide an incomplete [L][U] representation of a square matrix
to use as a preconditioner. MATLAB can be useful for solving small problems, but a FORTRAN
routine is recommended for solving the conservation equations for flow problems, particularly those
requiring the solution of the Navier—Stokes equations.

One of the earliest reports of the application of GMRES to CFD codes was by Wigton et al.
(1985). In addition to applying GMRES to model elliptic equations, they demonstrated that GMRES
could be easily retrofitted into existing CFD codes for solving systems of nonlinear equations and
could use the solution procedures of the original codes as effective preconditioners. A clarification
of this preconditioning concept is in order.

Suppose we are solving Laplace’s equation. Discretizing the equation leads to a system of lin-
ear algebraic equations of the form [AJu = C. If we were to premultiply this equation by [A]™" and
evaluate, we find u = [A]™'C, and the solution is readily obtained. Unfortunately, [A]™! is rarely
known. If instead, we premultiply by an approximate inverse, say [A]™!, the left-hand side can be
interpreted as an approximate solution, = [A]’IC. Notice that a similar result, an approximate
solution, can be obtained by applying a solution scheme such as point Gauss—Seidel or a line-
iterative scheme. That is the basis for the statement provided earlier that the solution procedure of
the original code serves as an effective preconditioner. Suppose the iterative scheme of the origi-
nal code is represented by u**' = M(u*) where k indicates iteration level and M simply denotes
the algebraic representation of the method, such as Gauss—Seidel, etc. Convergence is achieved
when u**! = u*. So, GMRES would solve the algebraic system given by u — M(u) = 0. The expe-
rience of several investigators has confirmed that a significant savings in CPU time can often be
observed. The main penalty was an increase in the memory requirements, which is a relatively
minor issue with modern computers. Since the early work of Wigton et al. (1985), numerous
applications of GMRES to solving the Navier—Stokes and other systems of equations arising in
CFD have been reported. Some examples of this can be found in the work of Hixon and Sankar
(1992), Chin and Forsyth (1993), Vuik (1993), Hauser et al. (1995), Rogers (1995), Brakkee et al.
(2000), and Qin et al. (2000).

4.3.5 MuULTIGRID METHOD

The Gauss—Seidel method with and without SOR and the block-iterative methods just discussed
provide excellent smoothing of the local error. However, because the difference stencil for
Laplace’s equation is relatively compact, on fine grids, a very large number of iterations are often
required for the influence of boundary conditions to propagate throughout the grid. Convergence
often becomes painfully slow. This violates the “golden rule” of computational physics: “The
amount of computational work should be proportional to the amount of real physical changes in
the simulated system.”

It is the removal of the low-frequency component of the error that usually slows convergence
of iterative schemes on a fixed grid. However, a low-frequency component on a fine grid becomes
a high-frequency component on a coarse grid. Therefore it makes good sense to use coarse grids
to remove the low-frequency errors and propagate boundary information throughout the domain
in combination with fine grids to improve accuracy. The strategy known as multigrid can do this
(Brandt, 1977).

The multigrid method is one of the most efficient general iterative methods known today. The
key word here is “general.” More efficient schemes can be found for certain problems or certain
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choices of grids, but it is difficult to find a method more efficient than multigrid for the general case.
The multigrid technique can be applied using any of the iterative schemes discussed in this chapter
as the “smoother,” although the Gauss—Seidel procedure will be used to illustrate the main points of
this technique in the introductory material presented here. The objective of the multigrid technique
is to accelerate the convergence of an iterative scheme.

To take full advantage of multigrid, several mesh levels are typically used. Normally, the mesh
size is increased by a factor of 2 with each coarsening. For many problems, the coarsening may
continue until the grid consists of one internal point. It would be instructive, however, to illustrate
the method first using a two-level scheme applied to Laplace’s equation.

The standard Gauss—Seidel scheme will be used based on the five-point stencil. For convenience,
let the operator L be defined such that Lu,; becomes the standard difference representation for the
left-hand side of Laplace’s equation. That is,

Lu . = Uity =205+ Wimyj Ui jan = 205 + U 5

(Axy (8y)

4.132)

The residual, R; ;, has been defined as the number that results when the difference equation, written
in a form giving zero on the right-hand side, is evaluated for an intermediate solution. Thus for the
present application, R;; = Lu; ; where it is understood that at convergence, R;; = 0. Let the final con-
verged solution of the difference equations be u; ; and define the corrections, Au;; by u; ; = Au; ; +uj,
where the superscript k denotes iteration level. Thus the correction is the value that must be added
to an intermediate solution in order to obtain the final converged solution. Since the difference

equation to be solved is Lu;; = 0, we can write

but

Lul]fj = Ri

JJ
so that

LAM,-’j + Ri,j = O (4‘133)

This is known as the residual or delta form of the equation, as discussed earlier. This equation can
be solved iteratively for the Ay, ; until convergence. If ,; and R; are updated after each iteration,
the delta variables vanish upon convergence. Alternatively, if R;; is held fixed, the iterations will
converge, yielding generally finite values for the A, ; that can be added to the u jin R; ; to obtain the
final value for the solution.

The key idea in multigrid is to improve the fine-grid solution. We do not seek a solution to the
original problem on the coarse grid. The coarse grid or grids are only used to obtain corrections to
the fine-grid solution. For the present linear PDE (Laplace’s equation), we can “transfer the prob-
lem” to a coarser grid by interpolating the fine-grid residual to the coarser grid and then solving
Equation 4.133 for the corrections. This form of the multigrid scheme that is applicable to linear
PDEs is known as the coarse-grid correction scheme or the correction storage (CS) scheme. The
residuals, of course, would be treated as known, so we would normally rearrange Equation 4.133
for numerical solution as

LAM,‘J = _Ri,j (4'134)
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and solve for the Au,; by the Gauss—Seidel procedure. The main concepts can be easily demon-
strated by the two-level scheme described in the following. It is recommended that the two-level
building block be mastered before moving on to the general multilevel scheme:

1. Do n iterations on the fine grid, solving Laplace’s equation, Lu,; = 0, for u;; using a
“smoother” like the Gauss—Seidel scheme. The value of n would be 3 or 4 in most cases.
Do not overrelax—use “pure” Gauss—Seidel. If the solution has not converged after r itera-
tions, compute and store the residual at each fine-grid point.

2. Interpolate the residual onto the coarse grid by using a restriction operator. The most com-
mon way to do this on a uniform grid is by “injection,” which means using the values of the
residual at the fine-grid points that coincide with the coarse-grid points. That is, every second
fine-grid point will be a coarse-grid point. We have R, ; at these points, so we use it. The chore
in practice is in defining or setting up the coarse grid. Solve Equation 4.134, the residual form
of Laplace’s equation, for the corrections using zero as the initial guess. (A common mistake
here is to neglect to change the grid size in implementing Equation 4.134; the corrections are
being computed on the coarse grid, so the grid increments in the difference equation need to
be adjusted accordingly.) The residuals are not updated during the iterations because we want
the computed deltas to represent corrections to the fine-grid solution. It is common to iterate
the corrections to some predetermined convergence level on the coarsest grid.

3. Corrections are needed for the fine-grid points, and they are known only at the fine-grid
points that coincide with the coarse grid. To obtain the corrections on the rest of the fine-
grid points, we prolongate (interpolate). The simplest procedure is to use bilinear interpo-
lation. Refer to Figure 4.26.

a. Sweep through the coarse-grid rows adding values needed for the remaining fine-grid
points in each coarse-grid row by simply averaging values of the corrections existing
at the coarse-grid points to the right and left. We now have corrections at all fine-grid
points in the coarse-grid rows.

b. There are rows that contain only fine-grid points between the coarse-grid rows and these
need corrections. We obtain these by sweeping through the fine-grid columns adding
corrections needed on the fine-grid rows by simply averaging neighbor values of the cor-
rections existing above and below. We now have corrections for all fine-grid points.

The corrections at the fine-grid points are now added to the intermediate solution obtained from
Step 1. One cycle has now been completed. We would be finished except for errors associated with
the interpolation (down to the coarse grid and back up to the fine grid). We now go back to Step 1

y e Fine grid

W |Z| Coarse grid

[H e 1]

[H Ra ]
G

FIGURE 4.26 Prolongation details.
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and iterate n times to obtain an improved solution. If convergence is not indicated, the new residuals
are interpolated to the coarse grid, and another cycle is implemented. This continues until conver-
gence is observed on the fine grid.

Most features of the multigrid strategy can be demonstrated by use of the two-level scheme.
However, significant improvements in computational economy can be expected by use of addi-
tional levels. The extension to additional levels is straightforward in principle but requires careful
interpretation of the multigrid concept in order to correctly implement the procedure. Here we will
discuss only the simple V cycle, in which the calculation proceeds from the finest grid down to the
coarsest and then back up to the finest. Many variations in cycles are possible, and reference to more
complete works on multigrid, such as Briggs (1987), Hackbusch and Trottenberg (1982), and Brandt
(1977), is recommended in order to obtain more complete information on the multigrid concept. As
before, the scheme will be applied to solve Laplace’s equation on a square domain. The main steps
are as follows:

1. The general m-level multigrid scheme begins in the same manner as the two-level scheme
discussed previously, except that the several layers of increasingly coarse grids need to be
established first. We will think in terms of solving Laplace’s equation on a square domain.
It is convenient, but not necessary, to let each successive coarse grid have spacing equal to
twice the previous finer grid. We then do » iterations on the finest grid with a “smoother”
like the Gauss—Seidel scheme. The value of n would be 3 or 4 in most cases. Do not over-
relax—just use pure Gauss—Seidel. If the solution has not converged after n iterations,
compute and store the residual at each fine-grid point.

2. The residual is then restricted by injection to the next coarser grid. We refer to the restricted
residual as ITR;! ;» where [ is the transfer operator (here this is simply injection), the sub-
script indicates the level of origin, and the superscript indicates the level of the destination.
The superscript of R indicates the grid upon which the residual was computed. The grids
will be numbered from the finest (level 1) to the coarsest.

3. The equation LA(w,); ; = —IIZR,-I, ; is iterated (“relaxed”) n times on grid level 2 using zero
as the initial guesses while keeping the residual fixed at each grid point. We use zero
for the guess because as the multigrid procedure approaches convergence, the corrections
approach zero. Thus, a guess of any other value may slow or prevent convergence. The
solution after n iterations, D(uz)f, j» represents a correction to the fine-grid solution. This
solution, as well as the residual used to obtain it, is stored for future use in the prolonga-
tion phase (When corrections are interpolated onto a finer grid). In order to transfer the
problem to a yet coarser grid, an updated residual needs to be computed on grid level 2. It
is about at this point that beginners typically lose their concentration and make mistakes.
The updated residual at level 2 is RZ ;= IIZR,-I, i+ LA(uz)f-i j» Where D(uz)ﬁ ; 1s the solution
obtained on grid level 2 after n iterations. The residual is then restricted to the next coarsest
grid as I;Rfj by injection.

4. The equation LA(u3), ; = —ISRZ_,» is iterated on grid level 3 using zero as the initial guess.
The number of iterations needs not be the same as used on level 2, but it is common and
convenient to use the same number n. The solution after n iterations can be thought of as
a correction to the correction obtained on grid level 2 and is a further correction to the
fine-grid solution. This solution and the residual used to obtain it are stored for use in the
prolongation phase. The transfer to coarser grids, relaxation sweeps, and creation of new
corrections continue following the residual update and restriction steps described earlier
until the coarsest grid is reached. The coarsest grid may consist of one grid point in the
interior. The solution is usually iterated to convergence on the coarsest grid. With one grid
point, this solution can be obtained analytically, although the iterative scheme will nor-
mally reflect convergence in two passes, depending, of course, upon how the convergence
criterion is applied.
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5. The corrections obtained on the coarsest grid are prolongated (interpolated) onto the next
finer grid following the steps outlined in the description of the two-level scheme. Let us
assume that the coarsest grid is grid level 4, in order to provide specific notation. These
prolongated corrections are then IZ[I(u;;),’{ ;- These are added to the corrections obtained
earlier at level 3 in the restriction phase, [](u3 ),'-i ;- The sum of the two corrections is used as
the initial guess at each point, as we continue to solve the problem we started to solve on
grid level 3 on the way down in the restriction phase. That is, the problems to be solved as
we move up the sequence of finer grids are the continuation of the problems started on the
way down. In other words, on grid level 3 in the prolongation phase, we continue to solve
the problem

LA(M3)i,j = —I;RIZ,J

but the computation is started with the corrections identified earlier as the initial guesses.
As in the restriction phase, n sweeps are made at level 3. The solution represents improved
corrections.

6. The corrections from level 3 are prolongated onto the next finer grid at level 2. These cor-
rections are added to the values of [J(u, )f-i ; obtained at level 2 in the restriction phase, and
the sums are used as the initial guesses for continuing the computation of the same problem
solved at level 2 on the way down from finer to coarser grids, LA(u,); ; = —IIZR}, ;. Again,
n sweeps are made, and the solution after n sweeps represents improved corrections. Note
that no new residuals are computed in the prolongation phase of moving up from coarser
to finer grids. The solution is being improved as we move up toward finer grids because
additional sweeps are being made that start with improved guesses.

7. The corrections from level 2 are prolongated onto grid level 1, the finest grid, and added
to the last solution obtained on the fine grid, u; i The corrected solution is then iterated
through n sweeps unless convergence is detected before n sweeps are completed. If con-
vergence has not occurred, new residuals are computed after n sweeps, and the cycle down
to the coarsest grid and back up is repeated.

4.3.5.1 Example Using Multigrid

Here we will apply the multigrid technique to obtain the solution to Laplace’s equation with
Dirichlet boundary conditions. The computational effort for the multigrid scheme will be com-
pared with that required for the simple Gauss—Seidel scheme and for the Gauss—Seidel scheme with
optimum overrelaxation. A square domain will be utilized. The Gauss—Seidel scheme will also be
used as the smoother for the multigrid scheme. Results will be presented for both the two-level and
the multilevel V-cycle procedure. For simplicity, each side of the square will be set at a fixed value
of u, as indicated in Figure 4.27. Although use of discontinuous boundary conditions is physically
somewhat unrealistic, the points of discontinuity do not enter into the finite-difference calculation.

100

50 150

200

FIGURE 4.27 Boundary conditions.
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The primary purpose of this example is to compare the computational effort required by the four
procedures, so detailed results of the solution values themselves will not be given. As a rough check,
the reader could confirm that the solution at the center is the arithmetic average of the temperatures
of the four boundaries. An analytic series solution can actually be obtained for this problem by
superposition and could be used to check the numerical solution.

Use of Dirichlet boundary conditions will make it easy to determine an optimum overrelax-
ation factor to use with the Gauss—Seidel scheme for purposes of comparison. The overrelaxation
factors are obtained from the formula given previously in this chapter. When the coarsest grid in
a multilevel scheme is to be simply one interior grid point (i.e., a 3 x 3 grid), it is convenient to let
2" be the number of mesh increments into which each side of the square is divided. Hence, grids
of 9x9, 17 x 17, 33 x 33, 65 x 65, and 129 x 129 will be used. The overrelaxation factors com-
puted for these grids are 1.45, 1.67, 1.82, 1.91, and 1.95. These will be used with the Gauss—Seidel
scheme without multigrid.

Overrelaxation was not used with multigrid, since it did not seem to improve the convergence
rate. The computational effort will be reported in terms of equivalent fine-grid sweeps that are usu-
ally referred to as work units. That is, in the multigrid calculations, the total number of times the
Gauss—Seidel smoother was applied was determined, and the total was then divided by the number
of calculation (internal) grid points in the finest grid. As is customary in such comparisons, other
operations in the multigrid algorithm such as computation of the residual, the restriction and prolon-
gation operations, and the addition of the corrections were not counted, as such effort is generally
considered to be a fairly negligible percentage of the total effort. The convergence parameter used
in the calculations was the maximum change in the computed variable (z or Au) between two suc-
cessive sweeps divided by the maximum value of the dependent variable on the boundary. In the
present example, that maximum boundary value was 200.

Using the same reference in the denominator of the convergence parameter for both # and Au
appeared to be important in order to obtain results that had the property that the number of itera-
tions to convergence was independent of whether the variable itself or a correction was being com-
puted. Convergence was declared when this parameter was less than 10-3.

The number of iterations (in terms of equivalent fine-grid sweeps or work units) required for con-
vergence for the four schemes is given in Table 4.2. For the multigrid results shown, three sweeps
were made on the fine and all intermediate grids before a transfer was made and convergence was
achieved on the coarsest grid for each cycle. The first column, labeled GS, gives results obtained
with the conventional Gauss—Seidel scheme with no overrelaxation. The second column labeled
GSw,, gives results obtained with the Gauss—Seidel scheme using the optimum overrelaxation fac-
tor. The column labeled MG2 gives results obtained with the two-level multigrid, and the column
labeled MGMAX provides multigrid results obtained using the maximum number of levels, that is,
taking the calculation down to one internal grid point. This results in use of seven, six, five, four,
and three levels for the 129 x 129, 65 x 65, 33 x 33, 17 x 17, and 9 x 9 grids, respectively.

TABLE 4.2
Number of Equivalent Fine-Grid
Iterations Required for Convergence

Grid Size GS GSw, MG2 MGMAX

opt

9x9 62 19 19 17
17 x 17 215 40 40 19
33 x33 715 75 95 20
65 x 65 2282 137 258 20

129 x 129 6826 282 732 21
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A number of interesting points can be made from the results shown in Table 4.2. The number
of iterative sweeps required by the standard Gauss—Seidel scheme can be seen to be almost pro-
portional to the number of grid points used. Of course, the computational effort per sweep is also
proportional to the number of points used. The use of the optimum overrelaxation factor reduces
the computational effort substantially, especially as the number of grid points increases. For the
finest grid, use of overrelaxation reduces the computational effort by a factor of about 24. This
is significant. The two-level multigrid is seen to provide a significant reduction in computational
effort, but it does not perform quite as well as the Gauss—Seidel scheme with optimum overrelax-
ation. However, it is general, whereas the optimum overrelaxation factor can only be computed in
advance for special cases.

The performance of the multigrid with the maximum number of levels (hereafter referred to
as the n-level scheme) is truly amazing. The number of sweeps is seen to be nearly independent
of the number of grid points used. Only 21 sweeps were required for the finest grid compared to
6826 for the conventional Gauss—Seidel scheme. This is a reduction in effort by a factor of 325! It
requires only 1/13th as much effort as the Gauss—Seidel scheme with the optimum overrelaxation.
This reduction in effort or “speed-up factor” is shown graphically in Figure 4.28. Both multigrid
schemes required four cycles for convergence for this problem, which utilized only 13 or 14 sweeps
through the finest grid.

For the 129 x 129 grid, it was observed that using four or five levels gave nearly the same perfor-
mance as using seven levels. Specifically, it was observed that 732, 82, 25, 21, 21, and 21 work units
(equivalent fine-grid sweeps) were required when using 2, 3, 4, 5, 6, and 7 levels, respectively. This
trend is illustrated in Figure 4.29. The especially large improvement observed when moving from
two to three levels is noteworthy.

The results were fairly insensitive to the number of sweeps for the fine and intermediate grids.
The following trend was observed for the n-level scheme on the 129 x 129 grid. For use of 2, 3,
4, and 5 sweeps, the number or work units required was 21, 21, 21, and 25, respectively. It was
assumed that performance would continue to deteriorate as the number of sweeps was increased
above five. For the two-level scheme, performance was actually improved by not converging on the
coarse grid. For the 129 x 129 grid, the number of equivalent fine-grid sweeps required for conver-
gence was reduced to 495, 471, 474, and 479 if the maximum number of coarse-grid sweeps was
limited to 75, 100, 125, and 150, respectively. This represents a reduction of about one-third in the
computational effort for the two-level scheme. No effort was made to determine a general criterion
for determining the optimum number of coarse-grid sweeps.
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FIGURE 4.28 Comparison of effort for Dirichlet problem. GS-SOR,,, Gauss—Seidel with optimum over-
relaxation; MG2, two-level multigrid; MGMAX, multigrid using maximum number of levels.
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FIGURE 4.29 Effect of multigrid levels on Dirichlet problem.

4.3.5.2 Multigrid for Nonlinear Equations

For a linear equation, it is possible to “transfer the problem” from one grid to another by merely
transferring the residual. This is the CS scheme. If the equation is nonlinear, this transfer by residual
alone is generally not possible, and we must transfer (restrict and prolongate) the solution as well as
the residual. Such a version of multigrid is known as the full approximation storage (FAS) method.
It is not really much more complicated than the coarse-grid correction scheme, but it may seem
like it initially because the problem formulation itself for a nonlinear equation is more complicated.
Consider a 1-D problem governed by the following nonlinear equation:

2 2
%+§TZ= 0 4.135)

Choosing a central-difference discretization, we wish to find a way to satisfy the difference equation:

2 2
Uiy — Uiy + Uiy = 2U; + 1y

2Ax (Ax)?

-0 4.136)

Let us introduce a nonlinear difference operator N such that the difference equation can be represented
as Nu, = 0. The residual R, will be the N operator operating on any intermediate solution Nu. This
definition of the residual is consistent with the terminology used for the linear problem. It will be con-
venient to solve the problem using a delta form for the equation on all grids. In this nonlinear case, the
delta will be an iteration delta, Aw; = u'*' — uf. Suppose we desire Equation 4.136 to be satisfied at the

k + 1 level and substitute 1 + Ay, for u; in Equation 4.136. The result can be written as

2uik+lAui+l - 2141{(-|A14i-1 + Auyyy = 2Au; + Au;_ + (Aum)z - (Aui—])2

2Ax (Ax)? 2Ax
2 2
_ ( (u,-kn) —(u,-k_l) .\ ub,, = 2uf + uf‘,l\ (4.137)
L 2Ax (Ax)?

Observe that the last term on the left-hand side involves the change in u to the second power.
Dropping this term, which is small near convergence, linearizes the difference equation and is
equivalent to a Newton linearization (see Section 7.3.3), which can be developed through the use
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of a Taylor-series expansion, neglecting terms involving derivatives of higher order than the first.
Other ways of linearizing the algebraic equation can obviously be found. The final working equation
for the fine grid can be written as

k k ( kY kY k k k \
2ui Ay =2 Awi sy Augy = 2Au; + Au;, (u“') B (u,-_]) Uiy = 2u; + Ui, (4.138)
2Ax ¥ (Axy - _L A T (A

where the right-hand side can be recognized as the negative of the residual evaluated at the kth
iteration level. Notice that as the iterative process converges, the delta terms on the left-hand
side vanish, and the nonlinear difference equation is satisfied exactly as the residual goes to
Zero.

Only a two-level FAS multigrid scheme will be discussed here. The sweeping strategy is the
same as before: n sweeps on the fine grid and then a transfer to the coarse grid, where normally,
the solution would be iterated to convergence and then the changes transferred to the fine grid. The
equation being solved on the fine grid is Equation 4.138. Note that because the residual or delta form
of the governing equation is being solved on the fine grid, the residual in Equation 4.138 is updated
at every iteration. After n sweeps, the most recent residual and the current solution u; are restricted
to the coarse grid.

As before, on the coarse grid, we wish to compute changes to the solution that will annihilate the
residual on the fine grid. However, because the equation is nonlinear, we continue to solve for the
solution itself on the coarse grid even though it will be the changes or corrections to the fine-grid
solution that will be prolongated to the fine grid. Thus Equation 4.138 would be appropriate to use
on the coarse grid, provided the right-hand side (residual) would vanish if and only if the residual
on the fine grid vanished. This would happen if we modified the residual by adding the difference
between the restricted fine-grid residual and the residual computed on the coarse grid using the
restricted fine-grid solution. This modification to the residual can be thought of as compensation
for the difference in T.E.s associated with the solution on meshes of different sizes. Thus, letting M
be the operator that gives the left-hand side of Equation 4.138, we can write the difference equation
solved on the coarse grid as

MAu, = -R? - I2R! + R? (I3u 4.139)

where the first term on the right-hand side is the residual computed from the coarse-grid solution
(evaluated as indicated by the right-hand side of Equation 4.138) at each coarse-grid iteration. The
second term on the right is the restricted fine-grid residual. This is the same term that was used in
the correction scheme in the linear example. The third term is the residual computed on the coarse
grid using the restricted fine-grid solution. The second and third terms are source terms that remain
fixed during the iterative process on the coarse grid. The restricted fine-grid solution is taken as the
starting value for 1 on the coarse grid. Thus we notice that the first and third terms cancel for the first
coarse-grid sweep. This leaves the restricted residual from the fine grid as the source term driving the
changes. Notice also that no changes would be computed if the residual on the fine grid was zero. This
formulation for the right-hand side properly takes into account discrepancies that arise owing to the
restriction. If no “errors” were introduced in the restriction, the second and third terms would cancel.
The formulation also ensures that it is the residual on the fine grid that drives the multigrid process.
At the conclusion of the coarse-grid iterations (usually signaled by convergence on the coarse grid),
the changes in u computed over the duration of the coarse-grid iterations are prolongated onto the fine
grid. An additional » iterations are performed on the fine grid, and if the solution has not converged,
the cycle is repeated.
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4.4 BURGERS EQUATION (INVISCID)

We have discussed finite-difference methods and have applied them to simple linear problems.
This has provided an understanding of the various techniques and acquainted us with the peculiari-
ties of each approach. Unfortunately, the usual fluid mechanics problem is highly nonlinear. The
governing PDEs form a nonlinear system that must be solved for the unknown pressures, densities,
temperatures, and velocities.

A single equation that could serve as a nonlinear analog of the fluid mechanics equations would
be very useful. This single equation must have terms that closely duplicate the physical properties
of the fluid equations, that is, the model equation should have a convective term, a diffusive or dis-
sipative term, and a time-dependent term. Burgers (1948) introduced a simple nonlinear equation
that meets these requirements:

u u 0%u
— +

W (4.140)
ot 0x x
—— —— —

Unsteady ~ Convection Viscous
term term term

Equation 4.140 is parabolic when the viscous term is included. If the viscous term is neglected,
the remaining equation is composed of the unsteady term and the nonlinear convection term. The
resulting equation that we will call the inviscid Burgers’ equation

ou u
R

0 4.141
Jat 0x ¢ )

may be viewed as a simple analog of the Euler equations for the flow of an inviscid fluid. Equation
4.141 is a nonlinear convection equation and possesses properties that need to be examined in some
detail. Methods for solving the inviscid Burgers’ equation will be presented in this section. Typical
results for a number of commonly used finite-difference/finite-volume methods are included, and
the effects of the nonlinear terms are discussed. A discussion of the complete Burgers’ equation,
which we will call the viscous Burgers’ equation, follows in Section 4.5.

Equation 4.141 may be viewed as a nonlinear wave equation, where each point on the wave front
can propagate with a different speed. In contrast, the speed of propagation of all signals or waves
was constant for the linear, 1-D convection equation, Equation 4.2. A consequence of the changing
wave speed is the coalescence of characteristics and the formation of discontinuous solutions simi-
lar to shock waves in fluid mechanics. This means the class of solutions that include discontinuities
can be studied with this simple 1-D model.

Nonlinear hyperbolic PDEs exhibit two types of solutions according to Lax (1954). For simplicity,
we consider a simple scalar equation,

u + oF = 4.142)
Jat  ox

For the general case, both the unknown « and the variable F(u) are vectors. We may write Equation
4.142 as

ou 40y (4.143)
ot ox

where A = A(u) is the Jacobian matrix oF /du;, for the general case and is dF/du for our simple
equation. Our equation or system of equations is hyperbolic, which means that the eigenvalues of
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the matrix A are all real. A genuine solution of Equation 4.143 is one in which u is continuous but
bounded discontinuities in the derivatives of # may occur (Lipschitz continuous). A weak solu-
tion of Equation 4.143 is a solution that is genuine except along a surface in (x, ) space, across
which the function u may be discontinuous. A constraint is placed upon the jump in u across the
discontinuity in the domain of interest. If w is a test vector that is continuous and has continu-
ous first derivatives but vanishes outside some bounded set, then u is termed a weak solution of
Equation 4.142 if

f f (w,u+w F)dxdt + f w(x,0)d(x)dx = 0 @.144)

D

where 0(x) = u(x, 0). A genuine solution is a weak solution, and a weak solution that is continuous is
a genuine solution. A complete discussion of the weak solution concept may be found in the excel-
lent texts by Whitham (1974) and Jeffrey and Taniuti (1964). The mathematical theory of weak
solutions for hyperbolic equations is a relatively recent development. Clearly, the existence of shock
waves in inviscid supersonic flow is an example of a weak solution. It is interesting to recognize that
the shock solutions in inviscid supersonic flow were known 50—100 years before the theory of weak
solutions for hyperbolic systems was developed.

Let us return to the study of the inviscid Burgers’ equation and develop the requirements for a
weak solution, that is, the requirements necessary for the existence of a solution with a discontinuity
such as that shown in Figure 4.30.

Let w(x, 1) be an arbitrary test function that is continuous and has continuous first derivatives. Let
w(x, 1) vanish on the boundary B of the domain D and everywhere outside D (complement of D). For
simplicity, let D be an arbitrary rectangular domain in the (x, f) plane. We may write

Ju OoF
f l (E + E) w(x,t)dxdt = 0 (4.145)

or

f f (uw, + Fw,)dxdt = 0 (4.146)
D

Equations 4.145 and 4.146 are equivalent when both « and F are continuous and have continuous
first derivatives. The second integral of Equation 4.144 does not appear since the function w van-
ishes on the boundary. Functions u(x, ), which satisfy Equation 4.146 for all test functions w, are
called weak solutions of the inviscid Burgers’ equation. We do not require that u be differentiable
in order to satisfy Equation 4.146.

u(x, t)

u; Path of
discontinuity -

Uy

X X

FIGURE 4.30 Typical traveling discontinuity problem for Burgers’ equation.
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B
™~
w=z0 w=z0

T(xt)=0 \

D, D,

X
FIGURE 4.31 Schematic representation of an arbitrary domain with a discontinuity.

Suppose our domain D is now a rectangular region in the (x, 7) plane, which is separated by a
curve T(x, ) = 0, across which u is discontinuous. The problem is illustrated in Figure 4.31. We
assume that « is continuous and has continuous derivatives to the left of T(D,) and to the right of
T(D,). Let the test function vanish on the boundary of D and outside of D. With these restrictions,
Equation 4.146 can be integrated by parts to yield

S 3

+ f ([ulcosa, +[Flcosa, )ds = 0 (4.147)

T

The last integrand is evaluated along the curve T(x, f) = 0 separating the two regions D, and D,. This
integral occurs through the limits of the integration by parts on the discontinuity surface t(x, ) = 0.
The square brackets denote the jump in the quantity across the discontinuity, and cos @, cos 0., are
the cosines of the angles between the normal to T(x, #) = 0 and the ¢ and x directions, respectively.
The integrals in Equation 4.147 over D, and D, are zero by Equation 4.145. We conclude that
since the last integral vanishes for all test functions w with the required properties, we must have

[u]lcosa, +[F]cosa, =0 (4.148)

This is the condition that u be a weak solution for Burgers’ equation. Let us apply this condition
to a moving discontinuity. Suppose initial data are prescribed for u(x, 0) as shown in Figure 4.30,
where 1, and u, denote the values to the left and to the right of the discontinuity. In one dimension,
we may write the equation of the surface T(x, f) = 0 as 7 — #,(x) = 0. The direction cosines as required
in Equation 4.148 become

1 H
172 cosQy = = 172

[1+t1’2] [1+t{2]

where the prime denotes differentiation with respect to x. Thus

cosq =

[u] [F'

[mfz]”z [1+12]

=0

172
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or
W —u} dt
U —uy = e
2 dx
Therefore
o it (4.149)
dt 2

which shows that the discontinuity travels at the average value of the u function across the wave
front. Since we now see that a discontinuity in «# simply propagates at constant speed (1, + u,)/2
with uniform states on each side, a numerical solution of a similar problem for a discontinuity
can be compared with the exact solution. These comparisons are presented for a number of finite-
difference/finite-volume methods in this section.

Rarefactions are as prevalent in high-speed flows as shock waves, and the exact solution of
Burgers’ equation for a rarefaction is known. Consider initial data u(x, 0) as shown in Figure 4.32.
The characteristic for Burgers’ equation is given by

dr _1 4.150)
dx u
Figure 4.33 shows the characteristic diagram plotted in the (x, 7) plane. In the left half-plane, the char-
acteristics are simply vertical lines, while they are lines at an angle of ©/4 radians to the right of the
characteristic that bounds the expansion. This particular problem is similar to a centered expansion
wave in compressible flow. Here the expansion is bounded by the x = 0 axis and the characteristic
originating at the origin denoted by the dashed line. The solution for this problem may be written as

u=0 x=<0

X
u=— O<x<t
t

u=0 > X

FIGURE 4.32 Initial data for rarefaction wave.

t

FIGURE 4.33 Characteristics for centered expansion.
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The initial distribution of u# forms a centered expansion, where the width of the expansion grows
linearly with time.

We have examined two problems, shocks and rarefactions, which are frequently encountered in
high-speed flows by using the simple analog provided by Burgers’ equation. Clearly, these types of
solutions can occur in systems of nonlinear equations of the hyperbolic type. Armed with simple
analytic solutions for these two important cases, let us examine the application of some numerical
algorithms to the nonlinear, inviscid Burgers’ equation.

4.4.1 Lax MeTHOD

First-order methods for solving hyperbolic equations are infrequently used. The Lax (1954) method
is presented as a typical first-order method to demonstrate the application to a nonlinear equation
and the dissipative character of the result.

The conservation form of the basic PDE

u OF _

+ 0
Jat  ox

is used for all examples that follow. For the Lax method, we expand in a Taylor series about the point
(%, 1), retaining only the first two terms

(i + A) = u(x,t)+Az(%) .
X,t

and substitute for the time derivative

u(,t + Af) = u(x, 1) Az(ﬁ) o
0x v

Using centered differences and averaging the first term yields the Lax method (see Section 4.1.3):

n n n n
i +u;_ At Fiy - F,

- 4.151
g 2 A& 2 (.15h
In Burgers’ equation, F' = u?/2. The amplification factor in this case is
G—COSﬁ—iﬂASiHB 4.152)
Ax .

where A is the Jacobian dF/du, which is just the single element u for Burgers’ equation. The stability
requirement for this method is

<1 4.153)

umax

At

because u,,,, is the maximum eigenvalue of the A matrix with the single element u.
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— — — Exact solution
—O— At/Ax=0.6
—{— At/Ax=1.0

FIGURE 4.34 Numerical solution of Burgers’ equation using Lax method.

The Lax method applied to a one to zero right-moving discontinuity produces the solutions
shown in Figure 4.34. The location of the moving discontinuity is correctly predicted, but the dis-
sipative nature of the method is evident in the smearing of the discontinuity over several mesh
intervals. As previously noted, this smearing becomes worse as the Courant number decreases. It is
of interest to note that the application of the Lax method to Burgers’ equation with a discontinuity
produces the double-point solutions as shown. A further comment on these results is in order. Notice
that the computed solutions are monotone, that is, the solution does not oscillate. Godunov (1959)
has shown that monotone behavior of a solution cannot be assured for finite-difference methods
with more than first-order accuracy. This monotone property is very desirable when discontinuities
are computed as part of the solution. Unfortunately, the desirability of monotone behavior must
be reconciled with the highly dissipative character of the results. The relative importance of these
properties must be carefully evaluated for each case.

The finite-volume equivalent of the Lax method can be readily developed by noting that
first-order integration (in time) over a control volume (see Figure 4.35) provides the expression
;l+1 — I/l'-l At

u ]—E

[fj’iuz - fjn-uz] 4.154)

In this expression, the control volume may be considered to be centered at the point (j,n + %). The
n . .

flux terms, f j=1, are referred to as the numerical fluxes, since they represent the flux at the surface

of the control volume in the finite-volume formulation. Functionally, the numerical flux is written as

fj+1/2 = f(’/lj, Mj+1)

[ ] L] [ ]
® | —®—7 o 4]
| |
| |
° — —— — e 7
[ ] [ ] [ ]
j-1 j j+1

FIGURE 4.35 Control volume for Lax method.
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The numerical flux must be consistent with the analytical flux F so that
Suj,uj0) = Fu;) @.155)

when

Uj=Uj=u

The problem of finding the flux function is very important because it represents the control-volume
boundary flux. This is needed in constructing methods for solving the conservative form of the
equations of fluid dynamics.

For the Lax method, the numerical flux becomes

1
fj+l/2 ==

Ax
) F;+ F;,, _E(ujﬂ _uj) (4.156)

The last term in this expression can be viewed as a dissipation term. The order of the numerical
scheme can be altered by using a different form for this term. It will be of value to compare Equation
4.156 with the numerical flux terms of other methods in this chapter.

Another observation can be made regarding the Lax method. Notice that the computer solutions in
Figure 4.34 are monotone, that is, the solution does not oscillate. Godunov (1959) studied numerical
methods applied to the simple 1-D wave equation (Equation 4.2) having the linear form

W = Z ail @.157)

If the right-hand side is expanded in a Taylor series, second-order accuracy for such a method is

established if
Z a =1 (4.158)

Z kay = —v 4.159)
Z Ka, = v (4.160)

This may be verified by examining the second-order schemes previously considered in
Section 4.1.

If solutions produced by Equation 4.157 do not oscillate, what are the conditions that guarantee
monotone behavior? A necessary and sufficient condition is that all of the coefficients a, be positive.
Consider the change in the solution between points j and j + 1:

u;’:f - u;”l = z ax (u7+k+1 - u;'l+k) 4.161)
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If the solution at level n is monotone, then every difference on the right-hand side is of the
same sign. Thus, if the g, are all positive, then the differences on the right- and left-hand sides
carry the same sign. This is also a necessary condition because for at least one value of a,
of opposite sign, monotone initial data may be constructed that produce an oscillation at the
next level.

Godunov’s theorem (1959) states that second-order schemes are not monotone. This may be
proved by letting a, = (¢,)* and substituting into Equations 4.158 through 4.160 to obtain

2 (e (E et - Z K

This equation violates the Cauchy inequality (Taylor, 1955) and shows that no monotone second-
order schemes exist. This result provided a major difficulty that needed to be overcome in the devel-
opment of methods for solving hyperbolic PDEs. In regions where discontinuities develop, measures
must be taken in order to avoid oscillations.

4.4.2 LAX—WENDROFF METHOD

The Lax—Wendroff method (Lax and Wendroff, 1960) was one of the first second-order finite-
difference methods for hyperbolic PDEs. The development of the Lax—Wendroff scheme for non-
linear equations again follows from a Taylor series:

(Ao (%)
2 | o)

x,t

u(x,t+ At) = u(x,t) + At (%) +
x,t

The first time derivative can be directly replaced using the differential equation, but we need
to examine the second-derivative term in more detail. We consider the original equation in
the form

u__oF
Jat 0x

Taking the time derivative of this expression yields

Pu_ PF _ PF i(ﬁ)
ar* Ardx dxot ax\ ot

where the order of differentiation on F has been interchanged. Now F = F(u), which permits us
to write

ou__OF __F ou__,ou

o ox du 0x 0x

and

OF _OF au_  ou
ot du 0t Jt
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Hence we may replace IF with
ot

so that

2
T34
0x

The Jacobian A contains a single element for Burgers’ equation. It is clear that A is a matrix
when u and F are vectors in treating a system of equations. Making the appropriate substitution
in the Taylor-series expansion for u, we obtain

u(et + An) = u(er) - At 2E LB 0 (A£)+
6x 2 Ox 0x

After using central differencing, the Lax—Wendroff method is obtained:

i . ACEL-FL 1A
uj =u,—E%+E(5)
x [A;H/Z( je1 — Fn) j- 1/2(F - F )] 4.162)

The Jacobian matrix is evaluated at the half interval, that is,

ui+u;,
Ajpn = A(]T]l)

In Burgers’ equation, F = u*2 and A = u. In this case, A, 1» = u; + ;) /2 and A;_1p = (u; +u;_1)/2.
The amplification factor for this method is

2
G=1—2(%A) (l—cosﬁ)—Zi%AsinB 4.163)

and the stability requirement reduces to [(A#/Ax)u,,, | < 1.

The results obtained when the Lax—Wendroff method is applied to our example problem are
shown in Figure 4.36. The right-moving discontinuity is correctly positioned and is sharply defined.
The dispersive nature of this method is evidenced through the presence of oscillations near the dis-
continuity. Even though the method uses central differences, some asymmetry will occur, since the
wave is moving. The solution shows more oscillations when a Courant number of 0.6 is used than for
a Courant number of 1.0. In general, as the Courant number is reduced, the quality of the solution
will be degraded (see Section 4.1.6).

The numerical flux for the Lax—Wendroff scheme consistent with Equation 4.156 may be written as

1 At

Sivin = I(F Fj, ) EE(}\jH/Z)Z (“j+1 _uj) 4.164)
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— — — Exact solution
—O— At/Ax=0.6
— 1+ At/Ax=1.0

u=0

FIGURE 4.36 Application of the Lax—Wendroff method to the inviscid Burgers’ equation.

where A ;1 is defined as the eigenvalue of the Jacobian A, ,, which is simply u;,, for Burgers’
. 2 J*y J*y
equation.

A comparison of Equation 4.164 with Equation 4.156 can yield valuable insight into the order and
the behavior of the numerical methods. As noted in the previous section, the Lax scheme is mono-
tone, while Figure 4.36 shows that the second-order Lax—Wendroff scheme is not. If the numerical
flux terms are compared, we see that the difference in these terms is

Ar\’
1- (x o E) (4.165)

Ax (uj—u;
w o _ oL O Hjel TR
fistn = fisin At( ) )

This difference is a correction that may be added to the Lax method to provide second-order accu-
racy and, in fact, modify the solution to the form of the Lax—Wendroff scheme.

However, if oscillations at discontinuities occur as seen in Figure 4.36, the correction term
should be suppressed in the region where discontinuities appear. This will have the effect of reduc-
ing the order of the method and have the potential of providing monotone or near-monotone profiles
through discontinuities. The control of the correction term is usually accomplished by the use of
limiters. With this idea in mind, the flux may be written as

A\’
1- (x_m,z E) 4.166)

1 Ax Ax(u.,—u;
f_,‘+1/2=5 E+E+1—At(uj+1—“j)]+¢m(121)

where ¢ is a function that can be adjusted to limit the addition of the second-order terms. The
hybrid method presented by Harten and Zwas (1972) used this idea. The concept of using limiters to
improve the effectiveness of solution techniques is discussed in detail in Section 4.4.12.

4.4.3 MacCorMACK METHOD

MacCormack (1969) method is a predictor—corrector version of the Lax—Wendroff scheme, as
has been discussed in Section 4.1.8. This method is much easier to apply than the Lax—Wendroff
scheme because the Jacobian does not appear. When applied to the inviscid Burgers’ equation, the
MacCormack method becomes

@.167)



Application of Numerical Methods to Selected Model Equations 185

- — — — Exact solution
—O— At/Ax=0.6
—{— At/Ax=1.0

FIGURE 4.37 Solution of Burgers’ equation using MacCormack method.

The amplification factor and stability requirement are the same as presented for the Lax—Wendroff
method. The results of applying this method are shown in Figure 4.37. Again the right-moving
wave is well defined. We note that the solutions obtained for the same problem at the same Courant
number are different from those obtained using the Lax—Wendroff scheme. This is due both to the
switched differencing in the predictor and the corrector and the nonlinear nature of the governing
PDE. One should expect results that show some differences, even though both methods are equiva-
lent for linear problems.

In general, the MacCormack method provides good resolution at discontinuities. It should be
noted in passing that reversing the differencing in the predictor and corrector steps leads to quite
different results. The best resolution of discontinuities occurs when the difference in the predictor
is in the direction of propagation of the discontinuity. This will be apparent when the homework
problems given at the end of the chapter are completed.

4.4.4 RusaNov (BURSTEIN—-MIRIN) METHOD

The third-order Rusanov or Burstein—Mirin method was discussed in Section 4.1.11. This method
uses central differencing and, when applied to Equation 4.142, becomes

e =3 (i) - S 2L (P - )

3 Ax

. 2 At

u? = uj _EE( - ,-(1)1/2)
4.168)

n+ n 1 At n n n n 3 At
w2+ TEL < TEL 2R ) - o (F - )

w n n n n n

_Z(uj+2 —4Mj+1 +6uj —4uj,1 +uj*2)

The last term in the third step represents a fourth-derivative term,

4
40U

(Ax) e
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— — — Exact solution
—O— At/Ax=0.6, »=2.0
—— At/Ax=1.1,0=3.0

FIGURE 4.38 Rusanov method applied to Burgers’ equation.

/ \ t+ g’At, (2)
SN NN s
NN SN N ’

FIGURE 4.39 Point pyramid for the Rusanov method.

and is added for stability. The third-order accuracy of the method is unaffected, since this added
term is O[(Ax)*]. A stability analysis of this method shows that the amplification factor is

At )2 sin?

G=1—(Eu 2 —%(1—cosﬁ)+i%usinﬁ

1—(§;u)2” (4.169)

It follows that stability is assured for Burgers’ equation if

X {1+;(1—cosﬁ)

M =<1 or ﬂumu =1
Ax
and
W -vt=w=3 @.170)

Application of this method to the inviscid Burgers’ equation for a right-moving shock produces the
results shown in Figure 4.38. The magnitude and position of the discontinuity are correctly produced,
but the results show an overshoot on both sides of the shock front. A schematic showing the numerical
solution as it is computed from the base points is shown in Figure 4.39.

4.4.5 WARMING—KuUTLER—LOMAX METHOD

Warming et al. (1973) developed a third-order scheme using noncentered differences. This technique
uses the MacCormack method for the first two levels evaluated at 3 []¢. The advantage of this method
over the Rusanov technique is that only values at integral mesh points are required in the calculation.
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The WKL method applied to Equation 4.142 becomes

= - 2 (F - )

u}z) = 1 [u'f +ull - %%(ij - Fj(PI )}

2 J J
4.171)
1 At 3 At
n+l _ on - SN[ n no_ n n _ a0 _(2)_ _(2)
wt =g - (-2Fp +7Fp - 7R +2FL) < (F& - F2)

- %(u;;z —dud]y + 60— A 1))

The third level for the WKL scheme is exactly the same as that used in the Rusanov technique.
We should note that different third-order schemes can be generated by altering the first two
steps. Burstein and Mirin have shown that any second-order method may be used to generate
u{?. The linear stability bound for the WKL and the Rusanov methods is the same as given in
Equation 4.170. The schematic illustrating the grid points used in the WKL method is presented
in Figure 4.40. Notice that the preferential treatment of the first two levels is readily apparent
in this diagram. The differencing in the first two levels can be reversed or even cycled from
time step to time step.

The results of using the WKL method to solve Burgers’ equation for a right-moving discontinuity
are shown in Figure 4.41. The solution is nearly the same as that obtained in the previous section.
Based upon the calculated results, either of the third-order methods may be used with approxi-
mately equal accuracy.

t+At,n+1
_/, \, t+%At, ©)
SVAVE )
t+§At, (1)
ENININEN

FIGURE 4.40 Point schematic for WKL method.

— — — Exact solution
—O— At/Ax=0.6, »=2.0
—0— At/Ax=1.1, ®=3.0

FIGURE 4.41 Burgers’ equation solution using the WKL method.
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4.4.6 TuNeD THIRD-ORDER METHODS

The parameter m, which appears in the third level of the methods of the previous two sections, can
be chosen arbitrarily, as long as the stability bound is not violated. Once ® is selected at the begin-
ning of a calculation, it retains the same value throughout the mesh. However, if the numerical
damping term is written in conservation-law form for the third level, that is,

then ® may be altered from point to point in the calculation, and correct flux conservation in the
mesh is assured. Using this approach, the ® term in the last level of either the Rusanov or WKL
method can be written as

(D’!H/Z n n n n ('0’1'—1/2 n n n n
54 (uj+2 —31/lj+1 +3M] —uj_l) + 54 (uj+| —314] +3uj_1 —uj_z) (4172)

The w’.1/, values are now varied according to the effective Courant number in the mesh. Warming
et al. (1973) suggest that these parameters be calculated at each point in the mesh to minimize either
the dispersive error or the dissipative error.

A discussion of the modified equation for third-order methods is presented in Section 4.1.11. If
the minimum dispersive error is desired, then according to Equation 4.68, we should choose

(4\/?11,2 + 1)(4 - V?zI/Z)
5

4.173)

n
Wijsin =

It remains to arrive at a rational method to determine the effective Courant numbers, v, ,,. Warming
etal. (1973) suggest that the effective Courant numbers, used to determine the w;, 1, parameters, be
the average value at the mesh points used in the difference formula. Since the term containing w, ,/
involves points j + 2, j + 1, j, and j — 1, we can write

1 At
Vi = Z(}\'j+2 + )\'j+1 + )\'j + 7\-]‘-1)5 4.174)

and similarly,

1 At
Vij-12 = Z(}\jﬂ +>\'j + 7\,‘-1 +}\j—2)E

where A is the local eigenvalue. For Burgers’ equation, A is just the unknown u. Results obtained
using this variable ® or tuned approach are shown in Figure 4.42. This shows that both third-order
methods provide satisfactory solutions for the minimum dispersion case. A slightly larger overshoot
occurs at the left of the discontinuity, but a nearly exact solution is obtained on the right. The mini-
mum dissipative method of computing w ./, is not recommended. The ® parameter was added to
provide stability, and when the dissipation is minimized, stability problems can occur. Even for stable
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— — — Exact solution
—O— Rusanov) y=0.6
—— WKL Variable omega

FIGURE 4.42 Tuned or variable ® method applied to Burgers’ equation.

solutions, large oscillations may be present. It should be noted that the parameters ., may be
computed using any technique that does not violate the stability bound. Clearly, a different computed
solution will be obtained for each way of computing these parameters.

4.4.7 ImpLiciT METHODS

The time-centered implicit method (trapezoidal method) is presented in Section 4.1.10. This scheme
is based upon Equation 4.58. If we substitute into Equation 4.58 for the time derivatives using our

model equation, we obtain
(GF)" (aF)””
97 (e
ax 0x

It is immediately apparent that we now have a nonlinear problem, and some sort of linearization or
iteration technique must be used. Beam and Warming (1976) have suggested that we write

At
J J 2

n+l _ n

u @.175)

aF\"
Fn+l ~F"4+ (67) (un+1 _un) = F" +An(un+1 _un)
u

Thus

wth = uf —AZI{Z((Z:)n +%[A(u;’” —u;')]}

If the x derivatives are replaced by second-order central differences, then

n n n n n n n
_ AtA; ne+l AtAj A Fy - FL ArA;_ U4 AtA},, s 4.176)

Uuj- Ujy = j+
dAx VT T aae YT T Ay 2 4Ax T A

The Jacobian A has the single element u for Burgers’ equation, and a further simplification of the
right side is possible. We see that the linearization applied by Beam and Warming leads to a linear
system of algebraic equations at the next time level. This is a tridiagonal system and may be solved
using the Thomas algorithm.
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As pointed out in Section 4.1.10, this method is stable for any time step. It should be noted that
the roots of the characteristic equation always lie on the unit circle. This is consistent with the fact
that the modified equation contains no even derivative terms. Consequently, artificial smoothing is
added to the scheme. The usual fourth difference,

-% (2 = A+ 6 — 2y 4 ) @.177)

may be added to Equation 4.176, and the formal accuracy of the method is unaltered. According
to Beam and Warming, the implicit formula Equation 4.176 with explicit damping added is
stable if

O<w=sl 4.178)

Figure 4.43 shows the results of applying the time-centered implicit formula to a right-moving dis-
continuity. The solution with no damping is clearly unacceptable. When explicit damping given by
Equation 4.177 is added, better results are obtained.

In addition to the trapezoidal formula just presented, Beam and Warming (1976) developed
a three-point-backward implicit and an Euler implicit method as part of a family of techniques.
The Beam and Warming version of the Euler implicit scheme follows from the backward Euler
formula:

n+l
d
Wt =yt At(—u)
ot

which, for our nonlinear equation, becomes

n+l
Wt =y - At(i)
ox

If the same linearization is applied, we obtain

AtA/r"Hu;'lH
JRp— Ui U
Ax 2 2Ax ' 2Ax

n n

n
_ Alt14j—1 n+l n+l +

AtAS At Fl'y - F  NAj,
2Ax Uj_q j 2Ax u = —

4.179)

j+l =

— — — Exact solution
—O— No damping
—— With damping

v=05
w=05
20 Steps

FIGURE 4.43 Solution of Burgers’ equation using Beam—Warming (trapezoidal) method.
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This is again a tridiagonal system and is easily solved. We note that this scheme is uncondition-
ally stable, but damping must be added such as that given in Equation 4.177 to ensure a usable
numerical result.

A simpler form of the implicit algorithms presented in this section can be obtained if they are
written in “delta” form. This form uses the increments in the conserved variables and fluxes. In mul-
tidimensional problems, it has the advantage of providing a steady-state solution that is independent
of the time step in problems that possess a steady-state solution. Let us develop the time-centered
implicit method using the delta form. Let Au; = u}”l —uj. The trapezoidal formula Equation 4.175
may be written as

Au; = _Ar

(aF)” (aF)'”‘
J o +H
2 ox ox

Again, a local linearization is used to obtain
n+l n n
F'™ = F' + AjAu;

The final form of the difference equation becomes

AtA} AtA] At (

4Ax Auj,l + Alztj + 4Ax Auj+1 = —E jnH - jn,l) (4180)

This is much simpler than Equation 4.176. The tridiagonal form is still retained, but the right side
does not require the multiplications of the original algorithm. This can be important for systems of
equations where the operation count is large. The solution of Equation 4.180 provides the incremen-
tal changes in the unknowns between two time levels. As noted previously, the stability of the delta
form is unrestricted, but the usual higher-order damping terms must be added. Results obtained
using the delta form for our simple right-moving shock are shown in Figure 4.44. The solutions
with and without damping are essentially identical to those obtained using the expanded form, as
should be expected. The delta form of the time-centered implicit scheme is recommended over the
expanded version. In problems with time asymptotic solutions, the Au terms approach zero, and in
all cases, matrix multiplications are reduced.

- — — Exact solution
—O— No damping
—{3— With damping

v=1.0
w=1.0

FIGURE 4.44 Solution for right-moving discontinuity time-centered implicit method, delta form.
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Solutions of the inviscid Burgers’ equation computed with an implicit scheme are generally
inferior to those calculated with explicit techniques, and more computational effort per integra-
tion step is required. In addition, transient results are usually desired, and the larger step sizes
permitted by implicit schemes are not of major significance. When discontinuities are present,
results produced with explicit methods are superior to those produced with implicit techniques
using central differences. For these reasons, explicit numerical methods are recommended for
solving the inviscid Burgers’ equation.

4.4.8 GODUNOV SCHEME

The numerical methods applied to Burgers’ equation in this chapter have used Taylor series to
establish appropriate expressions for the values of the dependent variables at the next time level.
Differences in the spatial directions were also based upon the requirement of having a certain
accuracy using a series approximation. Taylor-series expansions work very well when conditions
for convergence of the series are met. In fact, the series will converge everywhere, provided the
function that is approximated is sufficiently smooth. In the case of a finite-difference method, we
assume that a series expansion is an appropriate means of obtaining a difference approximation
and the functions are continuous and have continuous derivatives at least through the order of the
difference approximation. This is certainly not true when shock waves or other discontinuities are
present. Godunov (1959) recognized this basic problem and found a way to avoid the requirement of
differentiability by using a finite-volume approximation in solving the conservation equations and
evaluating the flux terms at the cell interfaces by the solution of a Riemann problem. In this section,
we will describe the Godunov scheme specifically applied to Burgers’ equation and see how this
method leads to a numerical technique that treats the problem of discontinuous solutions in a very
specific way.

Consider the inviscid Burgers’ equation, Equation 4.142, and a finite-volume approximation with
a control volume as shown in Figure 4.35. For an explicit method, the control volume extends from
tto t + Af and from x — Ax/2 to x + Ax/2. If a control volume centered at (j,n + %) is selected, the
resulting numerical approximation for the dependent variable may be written as

)] @.181)

In this equation, the value of u is averaged over the volume element, that is,

x+Ax/2
uj=-— u(x,t)dx

x—Ax/2
and the flux term is the time-averaged value of the flux at the control-volume interface:
t+At

f=iffdt

The Godunov method solves a local Riemann problem at each cell interface in order to obtain a
value of the flux necessary to advance the solution. The Riemann problem specifically for Burgers’
equation is
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FIGURE 4.45 Wave diagram for Godunov method.
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with 